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ABSTRACT

Fourier analysis and synthesis localized by the use of windows is
developed. The analysis is performed by uslng a wlndow called
"analyzer," and the synthesis uses a dual window called

“synthesizer." A sampling theorem is given in which the values

of the localized Fourier transform on a sufficiently fine lattice

are used to reconstruct the original signal. Vapious applications are

proposed ' : '

This paper was the text of a research proposal (MCS-7822673)_
submitted to the U.S. National Science Foundation in 1978.

The proposal was not funded, but since the subject has attracted some
interest recently, I felt it would be useful to make it'ovailable as a
preprint,



1. Introduction

The object of the research prgposéd here is to develqp'

. i ‘
and apply Local Fourier Analysis-Synthesis, a new mathemati-

cal method to be described below. This method sprang out of
the recently developed phase-space formulation of relativistic

quantum mechanics [i—{] . (See the reprints in the Appgndix).

2. Local Fouriéf Analysis-Synthesis

The idea is best explained by considering'a'familiar
example. Let f(x) represent a radiating electromagnetic
field in n-dimensional space-time (we will assﬁme, for sim-
plicity, that f is real-valued rather than tensor-valued.)
The usual method for extracting color-information from f is
to consider its Fourier transform %(k). However, what wé

experience is color bounded by form. This is clearly not

described by % (which only télls us about color) nor by f
(which only tells us about form). We seek, therefore, a
function E(x,k) which gives the spectrum in the. locality of
of the space-time point x. Such a function can be obtained
as follows: Let g(x) be a fixed function vanishing outside
of a small neighborhood of the origin (this restriction turns
out to be unnecessary.) Then the function fy(x) = g(x-y)f(x)
vanishes outside of a2 small heighborhood of y and will be

thought of as the function f(x) localized about the point y.



Now define

E(y,k) = fnez" il("‘g(x-y)f(x)d"x
R
(1) = fy(k)

(we denote the usual Fourier transform by * and its inverse

by ¥.) We will refer to f as the local Fourier transform

of £. The function g will be called an analyzer. It is the
choice of g that determines what is to be considered micro-
scopic and what macroscopic, If we are conﬁerned with vision,
for example, the spatial support of g would be the size of
the pupil and its temporal form a reasonable impulse response
function for the eye. To recover f from ;; choose another

fixed function h(x)} with the property that

(2) jh(x)g(x)dnx =1,

Rn

Then it follows that

(3) £(x)= f e 2MikIXy (o vy £(y,k)aPyd k.
RZn C

The function h will be called a synthesizer. Of course, there
is a great deal of freedom involved in the choice of g and h,

which can be used to simulate a variety of real situationms.

It can be shown that the function £(¥,k) is much smoother
in both variables than either f£(x) or f£(k), hence lends itself

very well to sampling, or computer -analysis. In fact,
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we have the following

Sampling Theorem. Llet f ¢ Lz(Rn), let .~ and p be positive

numbers with & p <1 and suppose that g(x) is such that the
-1
function ¢(x) = p®| I Ig(x-ld)l2

_ lc A -

is bounded everywhere, where the sum extends over the unit

lattice A = {1‘—'(11,. .. ,lﬁ)llieZ} .

Let ' S

£,, = £Q0, m), 1, meN.

Then f(x) can be recovered (in the sense of L?(Rn) ) from the

flm's by

() £00) = 6(x) 2 eAe‘Z“i’“"‘“g(x-lc)flm.
,M

The relation to quantum mechanics is as follows: f(x)

corresponds to the coordinate representation, f(kx) to the

momentum representation and f(y,X) to the phase-space repre-

sentation. |:1-s]. The sampling theorem is telated to the
uncertainty principle, which can be interpreted as stating
that ; cannot change drastically in a phase-space volume
less than that of a Pianck cell (this is essentially the

condition wo<1).



3. Proposed Applications

One possible application is to the problem used to
motivate the above discussion, namely vision. That is,
one might consider the proposition that the eye performs a
kind of local Fourier analysis on the incoming light. As
mentionéd above, this is not unreasonable: the function g(x)
is provided by the pupil aperature and the impulse response
of the_eYe. I1f the observer's eye is located at y, he
"sees" hot the entire field f(x) but the localized version
g(x-yY£(x). The lens in his eye then Fourier transforms this
function [?,ld] onto the focal plane. Thus {i seems that
local Fourier analysis may provide a simple and natural model

for vision.

More generally, it seems promising to use local Fourier
analysis as a basis for the quantum theory of measurement [}i]‘
The Bargmann-Segal, or "Coherent-State”, representation [}-é]
of quantum mechanics can.be intepreted as a particular local-
~ Fourier representation where g(x) has the form A exp(-levg).
It ﬁas the realization that this restriction is unnecessary
which led to the relativistic coherent-state representation
[}-EL To develop a theory of measurement, one might proceed

4

as follows: Let R' denote space-time and choose g{(x) to have

support in the backward open light cone

V_*éx = (X,x,) er? | x°<-{§|f .



We interpret g as representing a measuring instrument which
gives weight g(x) to an event at x when measurement occurs

at the origin. Causality thus demands that g vanish eutside

of V_. The local transform %(y,k) of a given.field f(x) then
represents the information gathered by the 1nstrument g at

the space-time point y. Equation (3) states that the entlre
field f can be recovered from the data gathered at all p0551b1e
points y. (©f course, if f satisfies some hyperbollc d1fferen-
tial equation, we can expect to recover it from data gathered
on a s1ngle Cauchy surface.) Furthermore the sampllng
theorem states that f can be recovered from data gathered at

a discrete set of events, provided the net is sufficiently fine.

Other applications may suggest themselves from the theories

of signal processing and linear systems [}2,15] .

'Fiﬁally, note that local analysis-synthesis, as well as
the sampling theorem, can be naturally generalized to the
category of locally compact abelian groups E}A:L This may

further extend the range of possible applications.

py |
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