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We construct a family of equivalent representations U, (A>0) of the restricted Poincaré group 2! for a
massive scalar particle on spaces K, of functions defined over “phase space” P,. Each P, is a submanifold
of the forward tube, and K, consists of restrictions on holomorphic solutions of the Klein-Gordon
equation to P,. Bach X, has a resolution of the identity in terms of “coherent states” e,, 2EP,, which are

wavepackets characterized by an invariant extremal property.

1. INTRODUCTION

This is the first in a series of papers devoted to a
phase-space formulation of relativistic quantum me-
chanics. In this paper we construct representations of
the “coherent-state” type for a free massive scalar
particle. In forthcoming papers we extend the present
formalism to particles with spin, supply our “phase
spaces” with natural symplectic structures, and for-
mulate a covariant phase-space quantization. The re-
sults of this paper were announced in Ref. 1.

We begin by sketching the coherent-state
representation,

In addition to the well-known configuration-space and
momentum-space representations of quantum mechanics
for a nonrelativistic particle, there is a class of rep-
resentations on spaces of functions over classical
phase space, =7 the most common of which is known as
the “coherent-state” representation. The simplest such
representation® is constructed as follows: let X, and P,
be the position and momentum operators for a particle
in R* (=1, ...,n) and form the nonnormal operators
a, =X, +iP,. These are found to have an overcomplete
set of eigenvectors ¢, : me, =%,¢, {the bar denotes com-
plex conjugation), one for each 2=x-éiyec C", and each
2, is a minimum-uncertainty wave packet with (X, =x,
and {P,} =»,. The coherent-state representation is then
the representation of wavefunctions f by functions f{z)
=(e,1f). These functions are entire and satisfy

fley= r"f Sa)g(2) expl- 1212/2) d?z, (1.1

where 1z1%=z2y|2+-+ + |2,i% #*z is Lebesgue mea-
sure, and the left-hand side denotes the inner product
of f and g in the given Hilbert space # {(say, of functions
over configuration space).

In spite of its usefulness and intuitive appeal, the
coherent-state representation is generally regarded as
something of a fluke. The formal combinations X, +iP,,
on which it is based, cannot be justified in physical
terms, and the use of non-Hermitian operators as any-
thing other than a technical device is regarded with
suspicion,

It is one of the aims of this paper to show that rep-
resentations similar to the above can in fact spring
from physical principles, and that the resuiting formal-
ism can, as-above, be interpreted as a phase-space
‘representation of the given quantum system. The gen-
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eral argument goes as follows: The positivity of the
quantum Hamiltonian permits the extension of the one-
parameter unitary group exp(~ itH) (f real) representing
dynamics in// to 2 holomorphie semigroup expl— iTH)
(T=t-iB, £>0). On a classical level, evolution in com-
plex time {were it possible} would result in a complexifi-
cation of the configuration space (hence complex space—
time}. This has a counterpart at the quantum level in
that wavefunctions evolved in complex time, exp(-i+H)f
= expl~ i(H) exp(- BH)f, may be continued analytically
from R" {configuration space) to a subset (possible all) of
C". In particular, if the given system is a free nonrelati-
vistic particle, this continuation is even possible at the
classical level and gives the complexified position z(7)
=Xy +T(p/m) = (X +£p/m) - iBp/m, which is a combina-
tion of the type x— ip. Hence the complexified space

can, at every complex “instant” ¢ - {8, be interpreted

as a classical phase space. Moreover, the set of analy-
tically continued solutions carries a representation of
the quantum dynamics on functions over phase Space.

In 8ec. 2 we develop this idea for a free scalar non-
relativistic particle and arrive at a representation
which essentially coincides with the usual coherent-
state representation. An analogous construction is car-
ried out in Sec, 3 for a relativistic free scalar particle
{with positive mass). The ensuing formalism appears
to be new and has the genera! features of the coherent-
state representation. The “phase spaces” P, of Sec. 3
are products of R" (configuration space) with an u-
dimensional hyperboloid (roughly, a mass shell), It is
shown that in the nonrelativistic limit (¢ — =} the fcr-
malism goes over smoothly to the formalism of Sec. 2
In 8ec. 4 we study the relativistic coherent states e,
22 P, =C" We show that e, ,, i5 a wavepacket with (X,)
=x, and {P,) =byv,, where b, is a constant and X, are
the position operators obtained by Newton and Wigner!!
by axiomatizing the notion of “localized states”. These
results partly justify calling P, a “phase space.” The
¢, are shown to be characterized by an extremal prop-
erty which, we suggest, is a covariant substitute for
minimal uncertainty.

2. NONRELATIVISTIC PARTICLE

The wave function of a free, spinless nonrelativistic
particle in R" evolves under the Schrddinger equatin
af 1

fve=Hf, He=-=—"—A.
2m

P 2.1
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The solutions are given by

fix, t) =[exp(- itH)f](x)

={2m)"/® fnﬂ exp(- itp*/2m +ix D) (p) &, (2.2
where f (p) is the Fourier transform of the initial func-
tion f(x, 0) € L3(R"). Now let z=x-{ye C" and let T={
-4 be in the lower hali-plane C~ (8> 0). Then

expl— i7p%/2m + iz - p) decays rapidly as Ipt~=, and
Eq. (2.2) defines a function f(z, 7) =[exp(- iTH)f}(z), holo-
morphic in/j =C"xC". Let H={f(z, 7)1/ () € LXR"} be
the vector space of all such functions. Then, for each
8>0, the function f3(z) =f(z, - iB) = [exp(~ BH)flz) is en-
tire in C*, Let A, be the space of all such functions
Falz). On Hg define the map exp(- itH) by

exp(- itH) exp(~ BH)f] = exp(~ BH) exp(~ itH)f],
fe L¥RM,
We shall make /; into a Hilbert space such that ¢
— exp{- itH) is a unitary representation of dynamics on
e
Thus, let >0 and z=x~1ye C". Then
falz) =[exp(- BH)f}(z) -

= (272 [, exp(= Bp®/2m +iz-p) f(p) d'p

(2.3

= (et |, (2.9
where ‘
(e8| p) = (2m)""/2 exp(= Bp?/2m +iz - D) (2.5)
with Fourier transform
(e8x" = (29B/m)™"% expl - m{z - x12/28]. (2.6

The ¢f are minimum-uncertainty spherical wavepackets
with (X,) =%,, (Pp)=(m/Bly,, &X,=YB/2m and &P,
=vm/2B. They are eigenvectors of g(8) =X, +i(8/m)P,
with eigenvalue z,.

For fyc#; define

9 = [Lalfa(@) |2 dus(@), 2.7
where
dig(z) = (m/18)" % exp(~ my®/B) d"x d"y. (2.8)
Theorem 1: Let >0 and F(p) € LYR"), Then
liftls=NF1l. ' 2.9

In particular,

(a) Il - llg is a norm on A under which H; is a Hilbert
space.

(b) The map exp(— itH) is unitary on#s.

'(¢) The map exp(- BH) is unitary from L3*(R") onto Hs
and intertwines the dynamics on L2(R") with the
dynamics on#s. :

Remark: Equation {2.9) can be polarized to give a re-
solution of the identity: For f, g, in L}(R"),

(fl@de= [aif| D ef| o) duslz)

= (flg):,zmﬂ)- (2.10
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Hence f~{e;|f) is a “representation” of f by an entire’
function. The comnection with the coherent-state repre-
sentation is as follows: Set m=f=1 and let f(z) =1*/% .
X exp(2®/4)fs(z). Then (2.10} becomes '

L L,.:‘f—(z-)g'(z) expl(~§|z[% dx " =(f|g>z?.g3")s L (2.11)

. sothat f~F{z) is (essentially) the ordinary- E:ohérent-a '

state representation [in most of the literature, z .
=(x—-#y)/vZ; the weight function is then exp(~ 121%)].

Proof: Let f € S(R"). By (2.4), falx~ iy) =§3_,(x) where
Zs.,(P) = exp(~ Bp?/2m +y - p)f (p) and g denotes the in-
verse Fourier transform of g. Thus, by Plancherel’s
theorem (and Fubini’s},

A2 == (m/a8)" % [ exp(~ my*/B) dy

x f expl-Bp/m +2y - D) |f @) 2dp
= [ |F@ |2 dp =712,

which proves (2.9} for f € S(R™), hence also for 7
e L*(R"} by continuity. (a)—(c} are obvious. o .

For the definition of intertwining operatbrs, see Ref,
12.

3. RELATIVISTIC PARTICLE

In the last section we obtained unitary maps from .
L3*R™ onto Hilbert spaces /5 where the role of 8 func-
tions is played by spherical wavepackets ef in L(R")
[#;is continuously imbedded in L%(R") by restricting.
f:() to R"]. This formalisi is nonrelativistic since the
inner product for L%R") is not Lorentz-invariant. In
this section we define covariant counterparts of the
¢ and prove the analog of Theorem 1. We begin with
the relativistic version of the free-particle Schridinger
equation, namely the Klein—Gordon equation (for a free
scalar particle of mass m >0 in n+1 space—time
dimensions): :

1 22 . _
(,?at +A—m)ﬂx,t}=0. (3.1)
The positivity of the energy played an essential role in
Sec. 2, and will do so again here, Hence we confine
ourselves to positive-energy solutions.'® These are
given by :

1) =f(x, %) =[expl~ ixH)f)(x)

=202 [ exp(-ixp) f(p)a(p), (3.2

where ' _ -
xg=ct, H=+(mict= o1/ xp=xw=x-p,
w=(m¥c? +pM'2, dop)=dp/w .

is the Lorentz-invariant measure on the mass shell, 15
and f(p}/w is the ordinary Fourier transform of the.

initial function f(x, 0) (considered, say, as a tenipered
distribution in B"). For every f(p) e L¥%), i.e., with

1= fq17 | 2d0e) <=,

the corresponding solution f(x) is the boundary value of
a function f(z) holomorphic in the forward fube't"'®

(8.9
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T =B iV, ={e=x-iy|xcR™, ye V),

where V,={y=(yo, yle R™ I ¥ > Iy[} is the open forward
"light cone in R™, This is because |exp{-izp)|

= |exp(« izgw+iz-p) | = exp(- yow +y - p) = exp(- pp)
<exp{~ (¥, ly)ip!]; hence lexp(-izp)| decays rapidly
as lpl - for fixed z=x~iy 7. T will replace the
domain /) =C"XC" of Sec. 2, and is strictly contained
inf). Thus, forze7,

':'jf(z) _ (2m)/2  vexpl— izp)f(p) dQip)
o osled

where

Aeddpy = (Zﬁ)'"’ 2 exp(- izp) (3.5)

and {e,| /5 denotes the inner product in L%(Q). The vec-
tors e, are in L¥), since for z,we 7,

(6‘:19») =(2m)™" fan exp[-i(z - W)P]dﬂ(l))
L =(2/)8,(z-w)
= (1/aMmc /200K, (nmc), (3.6)

where A, is the familiar two-point function for the free
scalar field of mass m, ™ n=[~ (z - W)?J /2= (- (z,- #,)?
+3(z, - i6,)2]' /2 is uniquely defined by analytlc conti-
nuation from n={- (z - 2?2 =202 - y*’ 2 when 2 =w
=x-dye], K, is a modified Bessel function, '* and
throughout the rest of this paper we set ¥={(n—-1)/2.
The analog of the space // of holomorphic solutions
f(2,7) in[) is the space K ={f(z) 1 € LAQ)} of functions
defined by (3.4). Recall now that /,; was obtained from
# by restricting functions fe /4 to the “phase space”
Py® ={{z, -iB) 1ze C"} =C". This set is, however, not
contained in 7. To obtain a relativistic phase space we
- reason as follows: [} can be obtained (roughly) as a de-
formation of / by letting ¢ - while fixing T=2z,/c. A
set in [ which goes into Pi™ under this “deformation”
is. o s '
Py ={(z, - i 4yt Y|z =x-dyecC}, 3.7
with 2=§c > 0. We will show that P, is a suitable phase
space. For A=0 Eq. (3.7) defines P,, as a subset of the
boundary of 7.

The-sgts P, are clearly not invariant under Lorentz
transformations. To make the formalism manifestly
Poincaré-covariant, we will also need the sets

o P{.={(z,xo-i(hz+j"')”z)lz=x-—iyeC", x4 R},

(3.8)
Every tunction f(z) e K defines a “boundary value”
function qn Py (and by restriction also on Py) as follows:
“for z={x~iy,x, < ilyl) e Py,

A2 =fifx 9,59
=((1/w) expl- |y|w+yp-ixew)f (p) () (3.9

[see (3.4)]. It follows from (3. 9) that, for fixed ye R"
and x,c R, f; is in L%(R") as a function of x. [Actually,
as we shall seé, fy L¥C" in x~ iy and f~f, in L¥C")
a8 A=0.] Thus:/{z) makes sense even when z ¢ P},
(though 1ts pointwise values no longer have meaning).

Given h> 0 a.ndfeK define
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(3.4

= f, 11| 2ame), (3. 10)
where -

du(z)=C\dxd’y, z=(x-iy, 2P, (3.11)
with ) .

Ca=[{(2/D(mN/mc) K, , (2ame)*, A>0, (3.12)

and Cy=lim,_Cy=(mc)"*/PT'(v +1). C, is a continuous,
monotone increasing function of X on [0, =), with

Ci~mc(me/mN"/2 exp(2Ame) as Yame — . (3.13)

These facts, and others needed later, follow from cer-
tain properties of the K,,'® which we summarize in Ap-
pendix A. We may regard di, either as a measure on
P, or as a measure on C". In the latter interpretation
{which will also be useful) we write (3.10) as
AE= [ If;(z).l"du;(z), (3.14)
where f3(z) =f(z, - i(A® +y2)” %) is the restriction of fe X
to P,. Let Ky={fi()ifc K} be the space of all such re-
strictions {boundary valnes, if A=0) and denote the map
f(p) = fi{z) from L3(RQ) onto K, by Dy. Similarly let K
be the space of restrictions filx, y) =flx— iy, xp—i{3® -
+¥%'/% to P and dencte the corresponding map by D}
Since each filx, y) e K{ satisfies (3.1) in xc R™, K! is
simply the space of solutions with initial values in K,.
Notice that (3. 14) is defined for fie K as well as for
hHek.

Now L?(Q2} carriéé a unitary, irreducible representa-
tion of the restricted Poincaré group P}, given by

(Ule, M) (p) = expliap) F(Ap), (3.15)

where (a, A) € P, acts on space—time according to
(o, Nx=Ax+a, xeR™, (3. 16)

In (3.15) p=(p, @) denotes a point on the mass shell (a

_ homogeneous space for the Lorenti,gmup)' rather than

the corresponding momentum véctor p. The represen-
tation (3. 15) defines a corresponding representation on
K given by

(Tla, N(2) =~z = a)) (3.17m

{where we have extended the action of 2 to 7 by lin-
earity). Now Py is a homogeneous space of 7| [in fact,
Py =, /S0n) since the stability subgroup at, say,

(0, - i2) is SO(n)]. Hence (3.17) gives a representation
Us on K3 by restriction (taking boundary values, if A
=0). Since extension sets up a one—one correspondence
between K, and K} we also have a representation I, on
K\, but this one is less direct since P, is not invariant
under 7},

The next theorem, which is our first main result,
shows that 7, I7,, and U{ are all unitarily equivalent.

Theorem 2: Let A2 0 andf& L2}, Then
Ak = [F 1.
In particular,

{a) 1+ 1l, is 2 norm on K;. {K) under which K, (K:J is
Hilbert space.

(3.18)

fr,
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{b) U, (U)) is a unitary irreducible representation of
PlonKs K

(c) D, (D)) is unitary from L¥Q) ontoK;. (K1) and inter-
wines the representations U and U (U3) of Pl

Proof: The proof is completely parallel to that of
Chesrem 1, Letfe S(R") and note that
fey=(m™"2 [ exp(—- ix,0 +ix+ p 9p)f (p) b/

| =((1/0) expl=ixew - 32)f) ). (3.19)

{ence
!

ME=cCyf d"yf&"xlf(x-iy,-i(l’+ya)1’=)|3
=C, fd"yft.f'pll(llw) expl~ (A +y 2w +y - p]
xf(p?
=C, [apl|F(p) [2/0?] [ d"y exp= 2002+ 32 2w
+2y-p] '
= [(@p/D|F@I2=IFIP,

where we have used (A6) with @=0. This proves (3. 18)
‘or f € (K", hence for fe L3S by continuity. (a) and
(b) are obvious, and the intertwming property follows
from b

D{U(a, M) 2) = (DYexpliap)f (A PN (2)
= (2n$-" 2 [ exp(~izp +iap)f (A"p)dOUp)

=(2m)/2 [ exp[-i{z - a)Ap’]
xfphdarsy
=(2m)"/2 [ exp[-i(A(z - @))p’]
xf ") dalp’)
=AYz - @) = (UDIP(2), 2Pl
where we have used the invariance of dQ{p). "

The norm Il - I, on K, and X; defines an inner product
{ ] -}, on these spaces by polarization. As an immedi-
ate consegquence of Theorem 2 we have

Corollary 1: Let A>0 and f,ge L), Then
(flg)r' fp <f| e,)(e Ig)dﬂa(z)

= (flg)r,zm;u (3. 20).
In particular, taking f =e, (we7T), ‘we obtain
) =(e, |8 = [, (eul edle] 8 din(@
= _fpl(e,, |epeg(z) dualz). (3.21)

Equation (3.21), restricted to we P,, states that
{e.lep is a (hence the) reproducing kernef” for K.

In the sequel we will sometimes identify the spaces
L¥Q), K, K, and K} (as Theorem 2 permits us to do).
Thus f could stand for f{p) or f(z) as an element of
K, K, or K;. We will also set c=1 except in consider-
ations involving the nonrelativistic limit.
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"L¥C™. (b) Let 0< A< ¥ andeLz(ﬂ):ﬁfThen

We can now make precise the sense ‘in which a func- .
tionfeK takes on its boundary value‘on Py, "' ©

- Covollary 2: (a) Each K is a closed subspace o!

"fl' ""fi”thc" -’0 as l" A

Proof (a) follows from (3. 18), and (b) follows essen-
tially from the proof of Theorem 2:. .

Ve = fillizcm = [ dol|F (@} 2/w?] [ dy
X (exp[~ (3 + y})'/2w) o
- exp[- (A% + 3! 2w])? exp(2y - p)
= [ apl|F (| ’/w‘}[w/cx +w/Cyr = 2J(p, 1, 1]
where & . '

J=[ dyexp{- [0 +y?)' 2+ (2" +y’)”’]w + 21 p}
But ©/C,, £ J< w/C,; hence
Vfsr = fillE 2o, < (Cit = CEOIFI,

which implies (b}. ‘ T .

-

We conclude this section by showing that the "e,.-'.
representatmn on K, is indeed a relativistic version of
the ¢f-representation on /. For given’ ﬂ >0, ‘define -

fR - iy
= exp(— my?/28)(exp(~ Bp?/2m +y - p)f’ o (x)

[ [FG-H Vo)

Theovem 3: Let B> 0 and f(p) e L‘(R") Thenfg“’(Z)
e L¥C" and :

(3,-22) :

J () =llme exp(Bme?fy, - fiR i 2cn, =0 88 €=,

where f,. is the function illksc correspom:ling‘to f '
& L¥R") C L), The proof is given as Appendix B,

- 4. THE WAVEPACKETS e,

In this section we study the “relativistic coherent” -
states” ¢,. We show that they are centered about x
=Re(z), travel with average momentum proportional to
y, and are characterized by a property which is a co-
variant analog of minimal uncertainty.. :

To compute the position of the center of e,, we need
position operators. It was shown by Newton and Wigner'!,
that certain group-theoretical postulates about (ideal-
ized) “localized states”—e, g., that any space translate
of a localized state be “orthogonal” to the state'*—
uniquely determine a set of self-adjoint operators [here
given on L))

Dy _ -
X,,«_z(a},’i|l Zw)’ E=2,,..,m,

whose (generalized) eigenvectors are the localized
states. (The notion of being localized in this sense, how-
ever, depends on the frame of reference.} In a later
paper, dealing with quantization, we will show that the

_(4. 1)

Gerald Kaiser 955



operators (4.1) can also be obtained naturally from the
formaliam of See. 3. For the purpose of this section,
we simply adopt (4. 1) as the definition of position
operators.

We begin by computing the expectation of X, in ¢,:
K IX.e.> =2 o (- ) el

e fdp(e Ay a;,((p'e‘})
= . ‘=Re [dp“’""’ = (4'*%};3@)

S =x.(e,|e,). .
.Thus .. '
(X.) —x, —Re(z.) (4. 2)
To. ﬁnd the expeetation of P,, 1
' G(m,y)_eif,.'up(-'zyp) aalp) =2nm /'K, (22m)
: —a(m)w"’ W) = bbr)';ﬂ"K (o), (4.3)

where a(m) 2(2m‘1:}" b(y) =2{222/m)~, ¢=2Mn, and
A= 2(y) = (yo9*)* /2 with all the y, considered as indepen-
“dent variables. G(m,y) will be a “partition function”

(as in statistical mechanies) for generating expecta-
tions. Thus, using {A2),

ﬁc exp(~ 2yp) dQp) =~ _;_%Cj_

= 2m3y¢a(m)%a% (9K, (9))

o - =2mzy¢a(m)§0-v-lKud(¢);
hence -

- 1 aG K,,,l (2.\m) m
in the sta.te e, (z=x< iy) Similarly, -
1 o® G
fp,.m expl- 259) 490) =355
"'4m y,y,,a(m)qr" sng(ﬁﬂ)
-m gasa(m)¢ v-lel ((0),
giving
K Am. J
(PaPQ K, ;im ) r—nwayn
wl(zm) m
mn .9

Equationa 4.2 and {4.5) give the expected momenta
_ and their correlation matrix
C¢5:= <P¢Pl> - <P¢>(PA)-' (4.6)

To gain a rough idea of the behavior of (P,) and C,,,
we consider the limiting cases Am ~*, From (A3) and

4.7 .

v 9,
xs(l’sz’g*%g«a)“cu's

"2a(l +2Am)(y“% _g“") Tgwbes
' (4.8)

Hence the uncertainties in energy and momentum obey

- G WY B :
—-TZR (-2--1'%!)" GBO _-G_AE +2—l§ ’ (4. 9}
n-1{1 5%)s 2l ".+ 2 @10
AFN\ZT R T R T TR TN N '

. Finally, we need an estimate on the uncertainty in posi-

tion: At xy,=0,
b : -n/2
0165 =m0 =1 (55 ) -] o
Xexp(~yow+y-p-£x-p)
—t(y. yr&— o ) ble;
hence '

et [esifa -5

X exp(— 29p) dQ{p). {4.11)

. The integral is difficult to evaluate, and we merely de-

rive an upper bound in the rest frame. Settmg y=0 and

S TERN

(X, = 2,5 =236t %’Z (1 +2—15); exp(- z_:uu) aQip)

< A=G4f(1 +—1-—
2y

= hz + mﬂi J‘(;l.‘.z.i%;i) exp(— ZAW) dg(p)o

'exp(_ 22w} dQ(p)

. | -
L (;f,~+2—,3;z) expl- 230) aap)
hence - ’
«x,,-aﬂmt?%ﬁ% .
= 2?‘0”@’; jq,(wc( )
+220 e (.

* The position uncertainty therefore satisfies

(X, =)D < X :1 Kl}-l((:;””:}) ; (4.12)

hence N
(X, - 2D S[v/(v=-1D]N2 as vn-0, (4.13)
<A2+A/m as Am—oo (4 139

For v=(n=1)/2=1 (which is in fact the physical case)
(4.13) must be replaced mth . '
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UXe - 2B a2 2¥*1n(2\m) as dm - 0. (4.13"

Thus AX, ~0 when X0,

We can now draw consequences from the above com-
putations. Equations (4.2) and (4. 4) confirm that ¢__,
is a wavepacket ecentered about x with expected energy—
mementum proportional to (v, y}. Note that

o1 f2 wl(zknl)
(PP 2= m g
We shall call m, the “effective mass” for the particle
in Py, The factor K,, /K, represents a Kind of renormal-
ization which takes into effect the fluctuations in energy—
momentum. a1, has the asymptotic behavmr )

=, > B, {4.14)

V/?\—-m,\—-m

(4. 15)

Equations (4, 7)-—{4.10), {4.13), and (4. 15} show the
following pattern: When Mm — 0, the expectations and
uncertainties of physical observables in the state ¢, be-
come independent of the mass. Thus, roughly, when
A~0 (i.e., z approaches the boundary of 7), analyticity
fails and fluctuations take over. On the other hand, we
have seen that Am = Amc =pmc? -« gives a smooth tran-
sition to the nonrelativistic formalism (Theorem 3},
Thus we expect (P} my,/B=my, /A, Cupu—m/2B=m/23,
and (X, - x,)5 = B/2m=X/2m. The first two are born
out by (4.7 and {(4.10). Equation (4.13’), though con-
sistent with this expectation, shows that in obtaining
the estimate (4. 12} we gave up too much ground.

The nonrelativistic wavepackets ¢ have the attrac-
tive feature of being minimum-uncertainty states. So
far we have not shown that the e, have a similar prop-
erty. Now uncertainty products do not seem to be
natural measure of the optimalily of relativistic states.
The position operators X, are not covariant, ! and fur-
thermore it is not obvious how to define an invariant
counterpart to the uncertainty product. We conclude by
proving that the €, are characterized by a simple, in-
variant property which we propose as an adequate sub-
stitute for minimal uncertainty. For z €7 let

= <ew t eg)/"ezu,

Theovem 4: Let ze 7. Then €, is the unique {up to a
constant phase factor) solution to the following problem:
. Find fe K such that ifi =1 and |f{z)] is a maximum,

Proof: We have .
[e 1| < e MIAL

and equality holds if and only if f is a constant multiple
of e,. . |

Fe;(w) wel.

Remark: Theorem 4 can be restated as a variational
principle'®: e (w) ={e, le,)/llei? is the unique function
fin K such that f(z)=1 and lifll is'a minimum. The
above form seems to be more appropriate for quantum
mechanics. See also Ref. 20.

5. CONCLUSION

We have developed a formalism anaiogous to that of
the coherent-state representation. By this analogy we
have called P, a “phase space.” We then showed that,
at least so far as the ¢, are concerned, P, is indeed a
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space parametrized by coordinates and momenta, Now
in the classical notion of phase space, a central role

is played by Poisson brackets and ¢anonical transforma-
tions, i.e., by symplectic structure. 22 These geom-
etrical aspects will be dealt with in a later paper, where
the present formalism will be given a geometrical -
foundation and made manifestly covariant
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APPENDIX A

We collect here some properties of the modified
Bessel functions K, and evaluate some integrals needed
in Secs. 3 and 4. '

The functions K, (E) are defined'® for Rev > - % and
Ref>0by

_Yatg/ey f ° . .
K8 =Tw+d -, exp(- n‘_ﬁcoshﬂ ginh fdt. (Al')
They satisfy “
(FE(H) = £"‘"‘K.,-,..(£), .
) T
( gdg) (g-vK (g)) = E."-vaﬂn(g),
for m=1,2,--+ and
KD ~TONE, £-0 (v40), -
KO ~~m(£/2), &0, {A3)
KA ~V1/2E ¢, E—+oo, ‘
In Sec. 4 we use
Tw+k 4£Kua(§):1+k3+2kv’

Z(n - 1) [} v..j(g) vol(a : L
T KD ( K, (9 ) i
- To evaluate

Iy, y) = fﬂammexp Zyo(1+p‘)”’+zy o),

;"E(v%"yz)llz>o, . .
note that I is Lorentz-invariant; hence -

owp =10, 0= [ 7T enl- 21 +594

zﬂnfz f

l -
= (1:72) f sinh"# exp(- 2X cosht} dt -

) n=-1
=2(‘X) Ky(zh), V= 2 "

T’;%’rpnexp[,— 2M(1+ 'r’)‘.’*]_

(A5)

Consequently, using (A2},
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_Luil—g’%ﬁm exp[- 23’0(1 +1ﬂ‘ 2.+ 25 .p}

.19
L= zaydf(?o’y)

| w.é.(—f%%,;,) [(;)"K,(zh)]
=25o(3) " uto,

where pg=(1+p9'/2,

(A8)

APPENDIX B. PROOE OF THEOREM 3
We can set m -'ﬁ'—' 1 without loss. Note
ft‘m("- 'Y) exp(— Y2 /2)ek iy Ni2ian,.
Hence by {2. B) a.nd {2 9),

A R'“L’(cﬂ)—'ﬂl-zltf n"” ‘-ﬂ""allfﬂz,z(gn <w,
‘Note also ‘ -

2502
Hee s, B an, =2

<2 f 2,1 +0(c )]

< T Y|f 22 gn,[1 +0(cD)].

Nc_iw .
I= [ [ axdy|f{(c/w) explc? - yp) — exp|- 2(p - y2IF] ®]2

= BIQI] a(c/etesplet ) - ex-1(p- 57D’

Choose @, ¥ such that 3 < ¥< @<1. Then [, -0 dp
th(p)lz-‘ﬂas c=%; hence

% fsatadpl FON? [y

x{fe/w) exp(é’ - yp) - expl- 3{p-y)*J}*
< _4#’?le,fllismn, ~0 ag c=,

i

where x,(p} is the characteristic function of {Ip! > '},

Defineg @ and @ by |yl =csinhé, |pl =¢sinhg. Then
yo=(c?-—y*! 2= ¢ cosh® and w=c coshg; hence yp
=yw-g.p>c?cosh(f- @)= c?+ (cz/z)(ﬂ @)%, Thus for
arbitrary a= 0,

Ceo= '[vlmm dy exp(2¢® - 2yp)
<20 /2
Tw/2)
2i-ncaﬂ.nll
YY)
2"“6"1!" I’
“Twd
zl-ncn-l,"ll /g

n+n24c=)f‘ - u®) du.
—WF—IP( @ +n?/. m_”‘nmeXP( %) du

Let a= ainh"'(c') Then, for |pl <c',

f ) sini;"“ cosh# exp]- c3(8 - @)2] 46
) exp[_(n‘- 1)6)(e’ + ) expl- c*(6~ ¢)*laé

exp[n& -0 p)2lde

: _;f.vol. 18. No. §, May 1977

cla~@)=n/2c> c[siﬁh" (™) - s‘hllh"(lc'“)]- n/2c

—g(c')

g(c) is independent of p and g(c) ~ '™, ¢~ o, Also, Ipl
<¢l® = g < c*. Hence

f aplfio|? f

i» =

Zefi M=l o0 (2. :
< g—% explnc® + n3/4cz) (

Jp= dy exp(2c? - 2yp)

pon T 4

exp(-#? du)
gle):

XHIFE2gemy =0, €=oo.
Now s o
c? = 2yp =y2+p = 2yp =y - p)?
=0o- )~ y-p¥*
2~ (y-p) .
Hence '
St ta 1T @? fiyserrdy expl- 7 - p)tl <,

and ‘ . ’
Sroet-edp| Fip}]* [ ;lioel-?dy{(c/ w) exp(c? - yp)

-exp[-3{y - p)’P<4S,~0 asc~=,
Finally, )

Iy St b |F(0))? fi1 1 dylie/e) explc? - yp)
- expl- 35 - 1:).23}2 |
= fiotact-a dp | F (012 figreter dy expl- Gy - P)*]
x[(e/w) exp(c®6%/2) - 1%,
where
s=[1 +y*/c=)‘)*-,(i +pt/cH |
<3 |yé/c‘-

We have used the estimate

p/c?| < d(c? + ) < ¥,

[ 42072 (140902
xdx
‘ f rErodd f wdx| =H|vt- ],
"Hence for sufficiently large ¢ and lpl <cl-,

[(c/w) explc®?/2) - 1]
< exp{c?6%) +1 = (2c/w) exp(c?st/2)

< (1 +2c%0% +1-2(1 ~p%/2¢9) exp(czﬁz/ﬁ)
< 2[1 - exp{c?62/2)] + 2¢%6” + c-* exp(c?62/2)
< 2¢28% + "2 (1 + £%9)
=h(c) =0 as c—~oo,
Thus
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A < h(é')" i) ,wt-« BIF )2 [ 11terdy expl- (7 - p)*]
sh(c)ﬂula“ﬂlzzm") -0 as c=oo,

-whichproves\thatJ—Oas =, ' ‘ ' u
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