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1. INTRODUCTION

The coherentistate representation and its variants {1-3}
have found many applications in quantum physics, in particular as
a tool for the study of the c1a551ca1 limit [4- 6] For finite
degrees of freedom, such representatlons are usually confined to
nen- relat1v1st1c systems. The purpose of thlS paper is to con-
struct similar representatxons which are appllcable to relat1v15-
tic partlcles. In section 2 we develop a famlly of representa~
tions for the dynamics of a free non- relativistic particle which
is closely related to the coherent-state representat1on. This
family is extended 1n sectlon 3 to 1nc1ude relat1v1st1c partlcle&

In section 4 we summarize some properties of the new wave packets.

2. NON-RELATIVISTIC PARTICLE -

The wave function f(?,t) for a non-relativistic free parti-
cle in R" evolves under the Schrédinger equation
3 £= HE, H = - s A : 2.1

The solutions are given by
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. . 2 o+ '
f(?,t) - (e-ltﬂf)(;) (2 ) -n/2 I o 1tp /2m+1x: P%(E)dnp 2.2)
R" C

where f(p) is the Fourler transform of the initial function
f(x,th_”Now let Z = x-ly €c" and let 1 = t ig be in the lower-
half plane C° (i.e., B > 0). Then exp(-itp /2m +'1z P) decays
rapidly as IpI +w and eq. (2. 2) deflnes a funct1on f(z 1) holo-
morphic' in p=C x C -~ Let, G = {f(z 1): £ € 12 (R" )} be the
vector space of all such functions, Then for each s > 0 the
function f (z t) = f(x 1y,t ip) satisfies (Z.1) in % and t. Let
GB be the space of all such functions f (z,t). "0 G define the

-itH

map (e f )(z §) = f (z s+t). We pre going towmake‘GB into a

TR unitary for every real t, giving

Hilbert space such that e
us a unltary representat1on of dynam1cs on Gfs for every 8>0,.
Although these representations are all un1tar11y equlvalent the

spaces G have some 1nterest1ng propertles, as we shall ses.

Thus let g > 0 and 2 = x-ly € c".  Then

£, (5,00 = (Mn @) = @™ [ oA REG

n
R (2.3)
= tef1ey
Z
. vhexe

' ‘eﬁip.?anCZw) “’zexp( g2t ) @)

'z . .

with Fourier transform

cofiFy o A28 Zexp(- 2 m(z 7 @9
. . 2.3)

The ei are m1n1mum-uncerta1nty spherlcal wave packets w1th
<Xk ) = X = Re(zk) (P ) = (m/B)yk and diameter AX, = VB7Zn

(k = 1,2,...,n). For,fB"in .GB define
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bel; = f 12,(5,0) Pang (D), . (2.6)
n .
T
where
> m.n/2 m 2, n_.n
du () = (™ “exp(- B d xdy. 2.7
B T8 8
Theover 1. Let t € R, & > 0, '€ LZ(R™) and £, = ¢ 88,
Then : ' i e S R T S e P T
: ”fHB = |I£l. . (2.8
In partlcular,
.(é) I HB is a norm on GB under whlch G is a H11bert space.
. {b) The.map. e BH 1s-um1tary”from L_(R ) onto GB'
" (¢) The map & rith is unitary 0n=Gé I

.Eeharks 1. (2 8) can of course be polarlzed to glve a

. resolutlon of the 1dent1ty for f g in’ L (R ), -

Aflg) = S <f1eB ) (ot lg )du (z) <flg Yoo @

@

2. e‘ﬁ”iinfertW1nes=[73=the~dynamics on L2(R™) with. the dy-
namics. on. G

Proof Let f € S(Rn) By (2.3), f (x—ly,O) = gB (§) where
g _i_(p) = exp(-Bp /2m £ 7 f(p) and g denotes the inverse
Folurier transform of g. Thus by Plancherel's theorem {and

Fubini's),

12 = &2 f o™ ’def Py 8/ B g2

Rn Lo Rn 2

= [ 1£@) 1% = Jel?,
Rn

which proves (2.8) for £ in S(R™), hence also in LZ(R™) by
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continuity. (a)-(¢) are obvious.

3. RELATIVISTIC PARTICLE

We sketch a genera11zat10n of the results of sectlon 2 to

relativistic particles. We confine ourselves to n-3.

]
‘

The evolutlon of a free scalar relativistic partlcle of mass
m>0is g1ven by the Xlein-Gordon equat10n
132 2. .,
(~ ~ =+ & - m")£(x,t} = 0, (3.1)

c2 3t2

Me censider only positive-energy sclutions. These are given by
-ix H

HEa) = o= en? 13 TIREGae@), | (5.2

where xo =ct, H= V(mc) -h, xp = x w- x-p w1th w'= V(mb)2+32, and
da(p) =4 p/w is the Lorentz 1nvar1ant measure in momentum space.
'f is the ordlnary Fourler transform on R3 . For every f in L (Q)

the solutlon f(x X ) is the boundary-value of a funct1on
f{z z ) = f(z) holomorphlc 1n the forward tube [8]

L | T = {x-iy € C4£“x'E R4{'y-€JV;};

. is the gpeﬁ forward 1igﬁt‘éon§,_,This is’sé‘bécause
le_'___”PI - e"?’P < __e;pc_-_(yo"-l?u_ |i:’|)f;

) decays rapldly as 1pl + @ for flxed Z in T T w111 replace
D= C x " of section 2 and is strlctly contalned in D. The
analogue of G is the space K = {f(z,zo):f € L (R))}. To obtain
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counterparts of the GB we need a phase space. In section 2 that
was the set {(z 1) €D 1 = -ig} =~ c3. This will not do $ince it
is not contained in T. Thus we deform it: let

Pl'= {z = xiy € ct: z, = -i vﬁ§+?2}, Xz 0.

The functions.

£Gix) = £G3-17,x -1 A2

satisfy (3.1) in X and x_ =.ctﬁ Let K, = (£, (,x St Fe i@
and  denote the map ffﬁ)‘w f (z X ) by U Deflne dynam;q§“on KA

by
-1x'H
(e £ )(z X ) = f (z X, +x! )
qu A >0,
£,G.0) = (207%? [ axp(- v4 3 witBEGaed)
o (3.3)
s (el
i
Zz
where
(i) = 2n Y exp(- WBT weild) (.4
y Pl AR ‘ :

- and all inner products are in Lz(ﬁ) until further notice., The ez
are in Lz(n): for z = x-iy in Pl and z' = x'-iy' in P (where

Aydt.> 0],

!

. . . SN SN N
(elle) 1 = (202 [ expl-(y oy uri (-3 310 )
>, : _ _ ; |
- ;2iA+(z-E')v o ' ' (3.5)"
= 2 K, (2amc) ,
41%n

where Yo deﬁotes v&2+?2, A

, is the two-point function for the
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free scalar field of mass m [8] and 2n = [-(z- E )2]i is defined

* by analytic continuation!from [-{z- 7) ] = [4y 1¢ = 2% for
z = z! = x-iy in PA (n =0,1,2,...) denotes a modified Bessel
function. For A=0, (3 3) still gives f (z 0) and the functions
Q¢ are still defined, but are no longer in L (q), as (3.5) shows.
For £ € KA (A 2 0) define :

Iy = S 18,50 12au, (2) 3.6
c .
where
du 3.3 ' :
,”A(z) = CAd xdy (3.7)

with C, = [Zn(A/chZKZ(mec)]'l for A > 0 and G = (mc)4/w. Then

our main result is the following -

Theorem 2. Let A 2 0 and f € Lz(g). Then

e, = W _ (3.8)
In particular,

fa) II-[]A is a Lorentz-invariant norm on K, under which K,

is a Hilbert space.

(b) The map U, is unitary from Lz(n) onto Kl’
~ix H : .
(e} e ° s unitary on K

The remarks following Theorem 1 apply here .as well,
- Comparing the measures (2.7) and (3.7), note that dux has no
weight function. This is a consequence of the curvature of the

phase space Pl. The "weight" has been absorbed into the functions
£. themselves, which are consequently bounded:
A q

1£, 5,012 = kedie) 17 s BedIZNE” -

—w"“_ z . z 417X

K o) I £1%. (3.9)

Finally note that Theorem 2 gives us a unitary, irreducible
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representation of the restricted P01ncaré group on K Define
the action on K by (U(g)}f)(z) = f(g z), g E P+ ThlS induces an
action on K, with the desired properties.

4. CONCLUSION

The e* have other interesting properties which we can only- -’
mention here for lack of space. In the state ei, the particle
appears as a wave packet centered about X = Re(z) with expected
momentum proportional to y = -Im(z). The wave packet, which is
spherical in the rest frame, shows contraction in the direction.
of. motlon and has minimal undertainties in a natural sense. It
diameter 1ncreases from zero (when ame + 0) to ~ V§7§EE (when
lmg + ),  Thus e; descr;bes anlextendgg, relat;v;s;ic partlcle.'
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