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Complex source pulsed beams~CSPB! are exact wave-packet solutions of the time-dependent wave
equation that are modeled mathematically in terms of radiation from a pulsed point source located
at a complex space–time coordinate. In the present paper, the physical source realization of the
CSPB is explored. This is done in the framework of the acoustic field, as a concrete physical
example, but a similar analysis can be applied for electromagnetic CSPB. The physical realization
of the CSPB is addressed by deriving exact expressions for the acoustic source distribution in the
real coordinate space that generates the CSPB, and by exploring the power and energy flux near
these sources. The exact source distribution is of finite support. Special emphasis is placed on
deriving simplified source functions and parametrization for the special case where the CSPB are
well collimated. © 2000 Acoustical Society of America.@S0001-4966~00!00804-3#

PACS numbers: 43.20.Px, 43.20.Bi, 41.20.Jb, 03.50.2z @ANN#
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INTRODUCTION

Complex source pulsed beams~CSPB! @also termed
pulsed beams~PB! or isodiffracting PB# are exact wave-
packet solutions of the time-dependent wave equation
can be modeled mathematically in terms of radiation from
pulsed point source located at a complex space–t
coordinate.1–3 Their properties, namely their direction, coll
mation, and space–time width, are determined by the c
plex source coordinates. Physically, however, these solut
are generated by physical source distributions~derived in
this paper!; hence, the complex source model may be c
sidered as a mathematical trick to obtain compact field s
tions due to these source distributions. This complex sou
approach has been originally introduced in the context
time-harmonic fields.4–7 Another approach to derive th
CSPB has been derived independently in Ref. 8.

The CSPB have many properties that make them fav
able wave objects within a general wave-based approach
forward and inverse problems:

~1! They are convenient wavelets for high-resolution pro
ing of the propagation environment, and may be used
selectively excite local scattering and diffraction ph
nomena~see items 2 and 4 below!.

~2! They provide benchmark solutions for scattering of c
limated wave packets by canonical configurations,9–11

for propagation in inhomogeneous media,12,13 in disper-
sive media,14–16and in random media,17,18or can used to
model practical systems involving collimated short-pu
fields.19–22

~3! They furnish a complete basis for local observable-ba
spectral synthesis of general transient fields, providina
priori localization~since only those PB propagators th
pass near the space–time observation point need t

a!Electronic mail: heyman@eng.tau.ac.il
b!Electronic mail: kaiser@wavelets.com
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accounted for!. Several expansion schemes which app
to different source configurations have been derived
Refs. 23–28.

~4! Finally, in view of these properties the CSPB are we
suited to wave-based data processing and local inv
scattering.29,30

Thespace–time localizationdescribed above provides
systematic wave-based approach for dealing with glo
complexity. Concentrating on localized solutions permits
use of specific well-defined ‘‘simpler’’ problems from whic
global solutions are assembled. The CSPBs not only prov
simple local wave solutions, but may also be directed
space–time to interrogate a particular subenvironment
wave phenomenon in the global conglomerate.

Other classes of wave-packet solutionsin free space
have been introduced in various disciplines. The basic o
are: solutions based on Brittingham’s ‘‘focus wav
modes,’’31–34 ‘‘nondiffracting beams’’ or ‘‘X-waves’’35,36

and ‘‘bullet’’-type solutions.37,38 These solutions have no
yet been utilized in a full ‘‘wave-based architecture’’ as d
scribed above.

As has been pointed out previously, the CSPB can
generated by a finite distribution ofphysical sources.2 Our
aim in the present paper is to explore this physical sou
realization. This is done here within the framework of t
acoustic field which provides a concrete physical examp
but a similar analysis can be applied for electromagne
CSPB. The physical realization of the CSPB is addressed
deriving expressions for the acoustic source distributions
by exploring the power and energy flux around the
sources. The finite support source functions obtained g
rise to theglobally exactCSPB. Yet, from a practical poin
of view, as discussed in the preceding paragraph, spe
emphasis is given to the parameter range where the C
are well collimated so that they maintain their localiz
wave-packet structure while propagating in the ambient
1880(4)/1880/12/$17.00 © 2000 Acoustical Society of America
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vironment. In this special case the CSPB can be reali
effectively by a truncated source distribution whose spa
support is much smaller than that of the exact CSPB. T
collimated PB fields generated by the truncated aperture
semble the exact CSPB near the beam axis, but deviate
it in far off-axis region, where they are both negligible an
way.

The presentation starts with a brief summary of the r
evant acoustic field equations~Sec. I! and of the basic prop
erties of the CSPB~Sec. II!. The physical realization is the
explored in Sec. III from the point of view of the power an
energy flow. The expressions for the source distributions
then derived in Secs. IV and V, starting with the formulati
of general schemes for constructing source realizations
then applying them to calculate the CSPB sources. The
sentation ends with a summary and conclusions.

I. ACOUSTIC FIELDS AND SOURCES

The linear acoustic equations for the pressure fi
p(r ,t) and velocity fieldv(r ,t) at the space–time pointr
5(x,y,z)PR3 and timetPR are

1

c2%
] tp1¹•v5s, ~1.1a!

%] tv1¹p5f, ~1.1b!

wheres(r ,t) andf(r ,t) represent the scalar particle injectio
source distribution and the force distribution, respective
Here, c51/Ak% is the wave speed in the medium, withk
and% being the compressibility and density, respectively.
this paper we consider radiation in a uniform medium a
without loss of generality, we assume that%51. Henceforth,
we use boldface type to denote vector constituents and
over a vector to denote a unit vector.

Assuming sources bounded in a volumeV of finite sup-
port, the integral solution of~1.1! is

p5E
V
d3 t8

1

4pR F @ṡ#1
1

c
@ ḟ#•R̊1

1

R
@ f#•G , ~1.2!

where R5r2r 85RR̊ and @F# denotes the retarded valu
F(r 8,t8)u t85t2R/c for any functionF(r 8,t8). Here and hence
forth, overdots and overcircles denote time derivatives
unite vectors, respectively. The solution forv is readily in-
ferred fromp.

II. COMPLEX SOURCE PULSED BEAMS „CSPB…

A. The complex source coordinates

Let the source in~1.1! be

f50, ṡ54pd~r2r 8!c~ t2t8!, ~2.1!

wherer 8PR3 and t8PR define the space–time source coo
dinates andc is a given time signal. From~1.2!, the solution
is

p~r ,t !5c~ t2t82R/c!/R. ~2.2!

The CSPB is modeled analytically by extending the sou
coordinates (r 8,t8) in ~2.1! into the complex domain. Thes
coordinates may be expressed in general as
1881 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000
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r 85r01 ib, ubu5b, ~2.3a!

t85t r81 i t i8 , t i8>b/c, ~2.3b!

wherer0 is a real coordinate point that defines the center
the beam waist,b is a real vector that defines the beam
direction, andb.0 is a constant which is interpreted as t
collimation distance of the beam@see the discussion afte
~2.19!#. The condition ont i8 in ~2.3b! will be explained after
~2.13!. Without loss of generality, we shall assume hen
forth that

r050 and b5 z̊b, i.e., r 85~0,0,ib !, ~2.4a!

t85 ib/c. ~2.4b!

B. Properties of the complex distance s „r…

In order to extend~2.2! to the complex source case, w
must first extend the definition of the distanceR of the ob-
server from the source. We define this distance as

s~r ![A~x2x8!21~y2y8!21~z2z8!, ~2.5a!

5Ar21~z2 ib !2, ~2.5b!

5sr1 isi , ~2.5c!

where ~2.5a! is the general definition while~2.5b! corre-
sponds to the special choice of the complex source coo
nates in~2.4a!, with r5Ax21y2. The branch of the complex
root in ~2.5! is chosen with

Res.0. ~2.6!

This choice implies thats→r asb/r→0 @see~2.21!#. Other
properties ofs will be discussed next, where without loss
generality we consider the choice of (r 8,t8) in ~2.4!.

The set of branch points ofs in R3 is the circleB in the
z50 plane, defined byAx21y25b. In order fors(r ) to be a
single-valued function ofr , we choose a branch cut inR3.
The choice implied by~2.6! is a flat disk~Fig. 1!

E05$r :x21y2<b2,z50%, ~2.7!

although any continuous deformation ofE0 leaving its
boundaryB invariant will do the same.

The real and imaginary parts ofs5sr1 isi have distinct
physical roles. They can also be used as the natural coo
nate system for the CSPB. For a given pointrPR3, one finds

~r,z!5b21~Ab21sr
2Ab22si

2,2srsi !,

where sr.0,2b,si,b. ~2.8!

Equation ~2.8! defines an oblate spheroidal~OS! system
(sr ,si ,f) with f5tan21(y/x) ~see Fig. 1!: The surfacessr

5const are spheroidsEsr

Esr
:
x21y2

b21sr
2 1

z2

sr
2 51, sr.0. ~2.9!

In the limit sr→0, Esr
shrinks toE0 , whereas forsr@b it

tends to a sphere with radiussr5r . Similarly, si5const.
define a family of one-sided hyperboloidsHsi
1881Heyman et al.: Physical source realization of pulsed beams
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Hsi
:
x21y2

b22si
2
2

z2

si
2

51, 2b<si<b. ~2.10!

These hyperboloids intersect thez50 plane atE0 , and are
discontinuous there with

si uz56057Ab22r2. ~2.11!

For 2b<si<0, Hsi
covers the domainz.0: It shrinks to

the positivez axis for si52b and assi→0, it tends to the
complement ofE0 in the planez50. For 0<si<b, it like-
wise covers the domainz,0.

Other properties of the OS system are mentioned
~2.16!, ~2.21!, and in Appendix B.

C. The CSPB solution

The field due to the complex source in~2.3! is obtained
as an analytic extension of the real source solution in~2.2!.
In order to deal with the complex propagation delays fro
the complex source coordinate to the real space–time ob
vation point, one should use analytic signals that can acc
modate complex time variables~see Appendix A!. Hence-
forth, analytic signals will be denoted by the symbol1. The
real field is then obtained by taking the real part of the a
lytic field solution@in fact, one may also take the imagina
part of the analytic field; see discussion after~A3!#.

The analytic pressure field at areal space–time obser
vation point (r ,t), obtained as an analytic extension of~2.2!,
is given by

p
1

~r ,t !5c
1

~t!/s, t5t2g~r !, ~2.12!

with

g5t81s/c, ~2.13a!

5sr /c1 i ~b1si !/c5g r1 ig i , ~2.13b!

where ~2.13b! applies for the choice oft8 in ~2.4b!. The
functions g r ,i(r ) are the real and imaginary time delays.

FIG. 1. The oblate spheroidal~OS! coordinate system. The shaded areas
the regionsD in(v) defined in~3.16! where the energy flows inward with
respect to the OS system. The light- and dark-shaded areas correspo
frequencieskb50.7 andkb51.1, respectively.
1882 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000
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Since2b<si<b @see~2.10!# it follows that Imt<0 for all

real (r ,t) as required by the analyticity ofc
1

. Recalling fur-
ther thats(r ) is continuous everywhere inR3 except across
the diskE0 @see the discussion in connection with~2.7!#, it

follows thatp
1

is an exact homogeneous solution of the tim
dependent wave equation everywhere except forE0 , which is
henceforth referred to as the ‘‘source disk’’ since it rep
sents the location of thereal sources that give rise to th
solution in ~2.12! ~see Sec. V!.

The solution in~2.12! has the general properties of a P
~a collimated space–time wave-packet! that emerges fromr0

~here, the origin! and propagates along the beam axisb ~here,
the positivez-axis!. Confinement along the beam axis is a

fected by the pulse shape ofc
1

while transverse confinemen
is due to the general property of analytic signals which de
in the lower half of the complext plane as the imaginary
part of t becomes negative. Thus, the beamwidth depe

on: ~a! the rate of decay ofc
1

in the lower half of the com-
plex t plane~that typically depends on the pulse length!, and
~b! on the rate of increase of Imt in ~2.13! away from thez
axis @following the discussion in~2.10!, Im t vanisheson the
positive z axis and increases away from it#. The weakest
signal is obtained along the negativez axis where Imt
522b/c.

Thus, the ellipsoidsEsr
of ~2.9! are thewavefrontsasso-

ciated with the time-delayg r5sr /c, while the hyperboloids
Hsi

of ~2.10! areequi-amplitudesurfaces.

1. Parametrization of the real signal

To further understand the properties of thereal PB field,
we introduce the real signalcg i

(t) and its Hilbert transform

c̄g i
(t) via @see~A3!#

c
1

~ t2 ig i !5cg i
~ t !1 i c̄g i

~ t !, tPR. ~2.14!

One finds that

p5Rep
1

5@srcg i
~ t2g r !1si c̄g i

~ t2g r !#/usu2, ~2.15!

where from ~2.13b! g r5sr /c and g i5(b1si)/c. Thus,
along a given hyperboloidHsi

@see ~2.10!#, the signal is

gradually Hilbert transformed fromc̄g i
(t2g r)/si in the near

zone, wheresr→0, to cg i
(t2g r)/sr in the far zone, where

sr;r @b.

2. Paraxial parametrization for collimated PBs

Points near the positive beam axis, where the PB
strong, are of particular importance. From~2.5b! and ~2.6!
we have forr!Az21b2,

s.1@~z2 ib !1 1
2r

2/~z2 ib !#, z"0 ~2.16!

~note the discontinuity atE0). Substituting this into~2.12!,
the field near the positivez axis is given by

p
1

~r ,t !5c
1

~ t2z/c2 1
2r

2/c~z2 ib !!/~z2 ib !. ~2.17!

e

to
1882Heyman et al.: Physical source realization of pulsed beams
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To parametrize this field, we write 1/(z2 ib)51/R(z)
1 i /I (z), where

R~z!5z1b2/z, I ~z!5b~11~z/b!2!, ~2.18!

thereby obtaining from~2.13!

g r5z/c1r2/2cR~z!, g i5r2/2cI~z!. ~2.19!

Thus,R(z) is identified as the radius of curvature of the P
wavefront, whileI (z) controls the paraxial decay away fro
the axis. Forz!b,I (z) is to leading order independent ofz
and the PB propagates essentially without decay or spr
ing, while for z@b,g i;(b/2c)(r/z)2, and the wave packe
diverges along the conesr/z5const. @see~2.25!#.

The real PB field along thez axis is given now by

p5@zcg i
~ t2g r !2bc̄g i

~ t2g r !#/@z21b2#, ~2.20!

whereg r ,i are now given in~2.19!. Thus, in the near zone
the real signal is dominated by2b21c̄g i

(t2g r), but asz

increases, it is gradually Hilbert transformed, and finally
z@b it is dominated byz21cg i

(t2g r).

3. Far-field pattern

Another important limit occurs in the far zone forr @b
where from~2.5b!

s.r 2 ib cosu, cosu5z/r . ~2.21!

Substituting this into~2.12!, we obtain

p
1

~r ,t !5r 21c
1

~ t2r /c2 ig i~u!!, g i~u!5~12cosu!b/c.
~2.22!

The function Rec1(t2gi(u)) is thetime-dependent radiation
pattern. It is strongest foru50 and decays to a minimum a
u5p @see the diffraction angleQ in ~2.27!#.

4. Example: Analytic d PB

The PB solutions may accommodate any analytic pu
shape. It is useful at this stage to consider an example
particular pulse shape, namely then-times differentiated
analytic-d pulse

c
1

~ t !5d
1

~n!~ t2 i 1
2T!5

~2 !nn!

p i ~ t2 i 1
2T!n11

, T.0. ~2.23!

It is sometimes convenient to multiply the pulses in~2.23! by
eia with 0<a,p in order to change the balance betwe
the signal and its Hilbert transform when one considers
real part of the field.

The parameterT in ~2.23! is a measure of the
pulse length. The spectrum of these pulses isĉ(v)
5(2 iv)ne2vT/2 for v.0. The derivatives suppress the lo
frequencies and thus create a more localized~faster-
decaying! PB in both the axial and transversal directions.
many applications, usingn>2 is required because of th
higher collimation properties of the resulting PB.26,30 Fur-
thermore, as will be discussed in Sec. III@see~3.16!#, PB
with frequency components belowv,c/b are difficult to
excite.
1883 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000
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For simplicity, however, we discuss here the PB prop
ties for the casen50 and a50. The real waveforms in
~2.14! are given by

cg i
~ t !5Red

1

~ t2 i ~ 1
2T1g i !!5p21

1
2T1g i

t21~ 1
2T1g i !

2
, ~2.24a!

c̄g i
~ t !5Im d

1

~ t2 i ~ 1
2T1g i !!52p21

t

t21~ 1
2T1g i !

2
.

~2.24b!

For a giveng i , the half-amplitude pulse width in~2.24a! is

(T12g i) and the peak amplitude~at t50) is p21( 1
2T

1g i)
21. Thus, the waveform is strongest and shortest

g i50 ~the beam axis!, and decays asg i grows away from
the axis. The half-amplitude beamwidth is therefore obtain
wheng i5

1
2T. Substituting~2.19! for g i in the paraxial zone,

the beam diameter is found to be

W~z!5W0A11~z/b!2, W052AcTb. ~2.25!

One observes that for 0,z,b the beamwidth remains es
sentially constant, while forz@b it opens up along a diffrac-
tion cone whose angleQ[W(z)/z is parametrized byQ
52AcT/b. Collimated PB withQ!1 are obtained when

cT/b!1. ~2.26!

Note also that, under thiscollimation condition, the effective
width of the source distribution, which is roughly given b
W0 @see~2.25!#, is much narrower than the ‘‘exact’’ sourc
disk E0 whose radius isb. One obtains the following rule o
thumb for the relation between the pulse lengthT, the beam-
width at the waistW0 , the diffraction angleQ, and the col-
limation distanceb

~W0 /b!25Q254cT/b!1. ~2.27!

Thus, the field properties are controlled by the PB param
cT/b. Similar properties are obtained for other pulse typ
such as nonmodulated or modulated Gaussian pulse
modulatedd pulses.

Figure 2 depicts cross sectional snapshots in the (z,r)
plane of the axially symmetricp field of ~2.12!. The pulse

used is a differentiated analytic delta pulsec
1

(t)

52eiad
1

(1)(t2 i 1
2T) of type ~2.23! and a PB paramete

cT/b51023 that yields a collimated PB@see~2.26!#. ~Recall
that it is advantageous to deemphasize the low frequen

further by usingd
1

(2) and a smaller parametercT/b.) As
mentioned in~2.23!, the termeia is used to change the ba
ance between the signal and its Hilbert transform. Herea
has been chosen to bep/3, which provides the ‘‘nicest’’
result ~this value also provides the clearest results of
power flux analysis in Fig. 3!.

The field in Fig. 2 is plotted at timesct/b50.2, 1, and 2,
where the PB is localized, respectively, in the near zonz
50.2b, at the collimation distancez5b, and in the ‘‘far’’
zone z52b. Note the Hilbert transform exhibited by th
waveforms in the transition from the near to the far zon
@recall ~2.15! and ~2.20!#. To demonstrate the effect of th
collimation parametercT/b, we also show in Fig. 2~d! the
1883Heyman et al.: Physical source realization of pulsed beams



eld
FIG. 2. Snapshots of thep field of ~2.12! for a pulsec
1

(t)52eiad
1

(1)(t2 i
1
2T) with a5p/3. The plots show cross-sectional cuts of the axially symmetric fi

in the (z,r) plane where all axes are normalized with respect tob. PB parameter:cT/b51023 in subfigures~a!–~c! ~collimated PB!, andcT/b51021 in ~d!
~noncollimated PB!. Observation times:~a! ct/b50.2 ~near zone!; ~b! ct/b51 ~intermediate zone!; ~c! ct/b52 ~far zone!; ~d! ct/b51.
n
d

x

tive

si-

h

nd
CSPB field for the parametercT/b51021. In this case the
solution in ~2.12! is still exact but the parametrization i
~2.25!–~2.27! is not valid~note the different space–time an
field-amplitude scales used in this case!.

III. THE POWER AND ENERGY FLUX

A. The v field

Thev field is needed in the calculation of the power flu
@see~3.7!#. Outside the source domain,v is calculated fromp
of ~2.12! via v52] t

(21)¹p, giving

v
1

~r ,t !5¹s$c
1

~t!/cs1c
1

~21!~t !/s2%, ~3.1!

¹s5~r2 ib!/s, ~3.2!

where c (21)(t)5*2`
t dt8 c(t8) and t is defined in~2.13!.

The real~physical! expression forv is @cf. ~2.15!#
1884 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000
v5¹sr$p/c1@~r 22b2!cg i

~21!22zbc̄g i

~21!#/usu4%

2¹si$ p̄/c1@2zbcg i

~21!1~r 22b2!c̄g i

~21!#/usu4%, ~3.3!

wherep5(srcg i
1si c̄g i

)/cusu2 is the realp field @see~2.15!#,
the overbars denote Hilbert transforms of the respec
waveforms@see~2.14!#, andcg i

stands forcg i
(t2g r), etc.

Note in ~3.3! that ¹sr representsoutward power flow lines
normal to the wavefrontsEsr

, while ¹si representstrans-

verseflow lines along the wavefronts, leading from the po
tive z axis to the negativez axis. In deriving~3.3! we used
the relations in~B1!. Expressions for¹sr ,i are given in
~B2!–~B4!.

In order to estimate the role of the various terms in~3.1!
and~3.3! we assume thatc is a short pulse with pulse lengt
T, so that near the positivez axis whereg i.0 we have

c
1

(21)(t)/c
1

(t);O(T). Recalling from~2.16! that near the
axiss.z2 ib, we find that the ratio between the second a
first terms inside the braces in~3.1! is
1884Heyman et al.: Physical source realization of pulsed beams
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FIG. 3. Snapshots of the power flowP
at times ct/b50.6 and 1.2. Here,

c
1

(t)5eiad
1

(1)(t2 i
1
2T) as in Fig. 2,

but with cT/b51.2 ~highly noncolli-
mated PB! and a5p/3. ~a! and ~c!:
Distributions of P in the (z,r) plane
~all axes are normalized with respec
to b!. For clearer interpretation, the re
sults are superimposed on the ellipso
dal wavefront corresponding to the co
ordinate system of Fig. 1. The arrow
describe the size and direction ofP.
~b! and ~d!: snapshot ofPz on the z
axis at the same times.
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1

~21!~t !/s2#/@c
1

~t!/cs#;O@cT/uz2 ibu#. ~3.4!

In the far zone, the ratio on the right-hand side of~3.4! is
much smaller than unity. Under the collimation conditio
cT!b in ~2.26!, this term is much smaller than unity also
the near zone~i.e., along the entirez axis!. Under these con-
ditions, the terms containingc (21) in ~3.1! may be neglected
for all z.0 so that~3.3! becomes

v.~¹sr !p/c2~¹si ! p̄/c, ~3.5!

wherep is given by ~2.20! for points near thez axis. Note
from ~2.16! with ~2.18! that near thez axis ¹sr. z̊
1r/R(z)→ z̊ and ¹si.r/I (z)→0, wherer5(x,y). Recall
also that¹sr is orthogonal to the wavefronts whose loc
radius of curvature isR(z).

In the far zone, we note from~2.21! that ¹s
.¹sr→ r̊ , hence

v. r̊p/c, ~3.6!

where herep is given in ~2.22!.

B. The power and energy flux

The power flux is defined as

P~r ,t !5p~r ,t !v~r ,t !. ~3.7!

The expression obtained by inserting~2.15! and~3.3! is quite
complicated. It is therefore convenient to explore the ene
flux

E~r !5E
2`

`

dt P~r ,t !. ~3.8!
1885 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000
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One finds that

E~r !5¹sr icg i
i2/cusu21^cg i

,c̄g i

~21!&~si¹sr2sr¹si !/us4u,
~3.9!

where ^ f ,g&5*2`
` dt f(t)g(t) for any two real functionsf

and g. In deriving ~3.9! we used the following relations
which apply for any realf and its Hilbert transformf̄ :^ f , f &
5^ f̄ , f̄ &5i f i2, ^ f , f̄ &5^ f̄ , f &50, and^ f , ḟ &50 ~since f van-
ishes att56`).

In the far zone, the second term in~3.9! vanishes and the
outward radiative energy is described only by the first ter
Both terms are large in the near zone, in particular neaB
where s vanishes, and the field there dominated by stro
reactive fields. The concept oftime-dependent reactive fiel
and energyhas been introduced and analyzed in Ref. 39
the context of electromagnetic fields. Using time-depend
spherical wave~multipole! expansion, it has been shown th
the time-dependent power radiated by an antenna consis
radiative and reactive pulses. The radiative power is aposi-
tive outgoing pulseand is unchanged as it propagates aw
from the source~carries the same energy!. The reactive
power pulse, on the other hand, is strong in the near zone
vanishes in the far zone. It carries no net energy: at e
times it propagates out and builds up a transient energy
the source, but after the radiative pulse has passed it
charges the energy back to the source region.

This phenomenology is demonstrated in Fig. 3, wh
depicts snapshots ofP. In order to be able to discern th
off-axis properties ofP and the low-frequency phenomen
discussed in~3.16! below, the PB parameters have been ch
1885Heyman et al.: Physical source realization of pulsed beams
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sen to yield a highly noncollimated field. Specifically,c
1

(t)
is the differentiated analyticd used in Fig. 2, but with the PB
parametercT/b51. Figure 3~a! and~c! show the distribution
of P in the (z,r) plane at timesct/b50.6 and 1, while 3~b!
and~d! show plots ofPz along thez axis at the same obse
vation times. Note from Fig. 3~a! and ~c! that the flow lines
in the near zone deviate from the normal to the wavefro
Esr

@see, e.g.,~3.9!#, and in particular the relatively stron
‘‘inward’’ flow near B. As discussed in~3.16! below, this
inward flow is strong nearB, but the low-frequency compo
nents propagate inward also in front of the entire source d
E0 ~see the shaded zones in Fig. 1!. Indeed, in view of the

relatively low-frequency content of the signalc
1

chosen, the
inward flow of reactive energy is readily observed as
negative part ofPz behind the leading part of the signal
Fig. 3~d!.

C. Frequency-domain analysis of the energy flow

We shall explore the constituents discussed above in
frequency domain~FD!. The FD expressions correspondin
to the field solutions in~2.12! and ~3.1! are

p̂~r ,v!5ĉ~v!s21eiks1 ivt85ĉ~v!s21eiv~gr1 ig i !, ~3.10a!

v̂~r ,v!5¹s@c212~ ivs!21# p̂~r ,v!, ~3.10b!

wherek5v/c and the carets denote field constituents wit
suppressed time dependencee2 ivt with v.0 ~for v,0, one
should take the complex conjugate of these expressio!.
Here ĉ(v) is the ~rather arbitrary! spectrum of the pulse
c(t). In the high-frequency regime such thatkb@1, the so-
lution in ~3.10! has the characteristics of a time-harmon
Gaussian beam~see, e.g., Refs. 4–7 and 2! but we shall not
dwell here on this interpretation.

Using ~3.10! in conjunction with~3.7! and~3.8!, we ob-
tain

E~r !5
1

p
ReE

0

`

dv p̂~r ,v!v̂* ~r ,v!

5
1

p
ReE

0

`

dvuĉu2usu22e22vg i~c211~ ivs* !21!¹s* ,

~3.11!

where the asterisks denote a complex conjugate.
Next, we consider the total energy radiated out of

spheroidal wavefrontEsr
,

Erad~sr !5 R
Esr

E•dS, ~3.12!

wheredS is an area element onEsr
. Substituting~3.11!, we

note that onEsi
we have¹s•dS5u¹sr udS, where u¹sr u is

given in ~B2! anddS5hsi
hf dsi df, where the metric coef-

ficients are given in~B5!. The f-integration yields 2p. Re-
calling thatsi changes from2b on the positivez axis tob on
the negative axis, we end up with
1886 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000
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Erad~sr !5E
0

`

dvE
2b

b

dsi Esr
~sr ,si ,v! ~3.13a!

with

Esr
~sr ,si ,v!5

2

bc
uĉu2e22k~b1si !

b21sr
2

sr
21si

2 F11
si /k

sr
21si

2G .
~3.13b!

Esr
is the spectral density of the ‘‘outward’’~i.e., the sr)

component ofE.
The si integral in ~3.13! may readily be evaluated b

rewriting ~3.13b! in the form

Esr
~sr ,si ,v!5

21

vb
uĉu2~b21sr

2!
]

]si
Fe22k~b1si !

sr
21si

2 G , ~3.14!

which provides a closed-form result for the outward flo
between any two hyperbolasHsi

. Integrating over the full
domain~i.e., fromsi52b to b!, we end up with

Erad5E
0

`

dvuĉu2
12e24kb

vb
, ~3.15!

i.e., Erad.0 and is independent ofsr as expected. Note tha
under the collimation condition in~2.26!, most of the signal
energy is concentrated in the high-frequency rangekb@1
where the exponent in~3.15! is negligible.

While the total energyErad flows outward, thelocal en-
ergy flux Esr

may, in some regions, flow inward. From
~3.13b! the regionDin(v) of inward energy flow is described
by

Din~v!:
si /k

sr
21si

2
,21. ~3.16!

In general,Din(v) is located in front ofE0 ~wheresi,0). A
detailed analysis of~3.16! reveals that for frequencies suc
that kb.1, Din(v) has the shape of a ring in front ofE0

whose boundary onE0 is given by 2k21,si,0 ~see the
dark-shaded region in Fig. 1!. In particular, in the high-
collimation range wherekb@1, this ring becomes concen
trated nearB. For low frequencies such thatkb,1, on the
other hand,Din(v) covers the entire front face ofE0 ~see the
light-shaded region in Fig. 1!. Recall though that at any
given frequency, thetotal energy flows outward throughEsr

,
as implied by~3.15!. It follows that at low frequencies, the
energy is emitted by the back face ofE0 : part of it flows
aroundE0 and is absorbed by the front face, while the oth
radiates outward throughEsr

.
The analysis above implies that for practical synthesis

the CSPB, the frequency spectrum ofc should be concen-
trated at frequencies such thatkb@1. Recalling that the ef-
fective width of the aperture in this range isW0(v)5Ab/k
@cf. ~2.25! and Ref. 2#, it follows that for kb.2,W0 is nar-
rower than the inner radius ofDin(v) which is given bysi

52k21 @see ~3.16!#. Under these conditions the apertu
can be truncated about the effective apertureW0 of ~2.25!,
giving essentially the same field as theexactCSPB which is
generated by the entire source diskE0 .
1886Heyman et al.: Physical source realization of pulsed beams
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IV. SURFACE SOURCES AND EQUIVALENT
SOURCES

We start by recalling the field discontinuity condition
implied by ~1.1!. Let S be a given surface carrying surfac
sources (ss , f s), i.e.,

s5ss~r s ,t !d~n!, f5n̊f s~r ,t !d~n!, ~4.1!

wherer sPS, n̊ is the normal toS at rS , pointing from side
1 to side 2 ofS, andn is the coordinate alongn̊. The field
discontinuities implied by these sources are found from~1.1!
to be

n̊•~v22v1!5ss , p22p15n̊•fs[ f s , ~4.2!

where (vi ,pi) are the limiting value of (v,p) at sidei of S.
Next, let S be a closed surface that encloses all

sources to the field. We would like to synthesize the fi
outsideS due to the sources insideS in terms of surface
sources on it. As will be shown, there exist various reali
tions of these sources; of particular interest are those inv
ing only s or f sources. These alternative realizations
obtained by choosing insideS an arbitrary solution of the
homogeneous field equation, denoted as (pin,vin). Using
~4.2!, the surface sources are now given by

ss5n̊•~v2vin!uS , f s5~p2pin!uS, ~4.3!

where n̊ is an outward normal toS. Substituting~4.3! into
~1.2!, we obtain

p5E
S
dS8

1
4pR @@ṡs#1~c21@ ḟ s#1R21@ f s# !n̊8•R̊#.

~4.4!

This integral synthesizes the true field (p,v) at points outside
S and the arbitrarily chosen field (pin,vin) at points insideS.

A. Kirchhoff realization

As mentioned before, different source realizations
generated by choosing different homogeneous solut
(pin,vin) in ~4.3!. One such choice,

pin50, vin50, ~4.5!

gives rise to what will be identified below as the Kirchho
realization. Using~4.5! and ~4.3!, the Kirchhoff sources are

ss5n̊•vuS52]n] t
21puS , f s5puS , ~4.6!

where in the second expression forss we used~1.1b! to
replace the limiting value ofv outsideS by the value ofp
there. When the sources in~4.6! are substituted into~4.4!, we
obtain the true field outsideS and a null contribution inside
S.

Using ~4.6! in ~4.4!, one obtains the conventional Kirch
hoff integral representation for the radiating field in terms
the values ofp and]np on S, which is usually obtained by
using the scalar wave equation forp in conjunction with
Green’s theorem.40 Thus, Eq. ~4.6! provides the surface
source realization of this formula.
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B. Integral equations for alternative source
realizations

Equation~4.4! synthesizes the field outsideS due to the
sources insideS in terms of bothss and f s sources. Alter-
native formulations are obtained if one chooses different v
ues for (pin,vin). We shall look, in particular, for realization
such that eitherf s or ss in ~4.3! vanishes identically onS.
These sources are determined via an integral equation a
scribed below.

We start by expressing the field~4.4! for the special case
of the sources in~4.6! as a sum of two terms:p5ps1pf

denoting, respectively, the fields due to thef s andss sources
in ~4.6!. Substituting~4.6! in ~4.4!, these fields may be ex
pressed in terms of the known fieldp outsideS

pf5E
S
dS8

1
4pR ~c21@ ṗ#1R21@p# !n̊8•R̊,

~4.7!

ps5E
S
dS8

21

4pR
@]n8p#.

Thess-only realization involves thess sources in~4.6! plus
an additional term denoted asss

f that gives rise to theknown
field pf outsideS. ss

f is therefore calculated via the integr
equation onS

E
S
dS8

1

4pR
@ṡs

f #5pf~r ,t !, r ,r 8PS, ~4.8!

wherepf is given in ~4.7! in terms of the known fieldp on
the outer side ofS. Note that the kernel on the left-hand sid
of ~4.8! is singular atr 85r , but this singularity can be ex
tracted explicitly using principal value integration.

The solution of~4.8! is not unique. Recalling from~4.3!
that the internal field (pin,vin) in the ss-only realization sat-
isfiespinuS5puS wherep is the known pressure field outsid
S, it follows that the null space of~4.8! is described by
internal field solutions that satisfypinuS50. Such solutions
are possible at discrete frequenciesvn , n51,2,..., which are
the internal resonance frequenciesof S for the ‘‘soft’’
boundary conditionpinuS50. The solution of~4.8! can there-
fore be augmented by a discrete set of eigensolutions of
form ss

f(r ,t)5(n Rean ssn
(r )e2 ivnt, which do not affect the

field outsideS. A unique solution is obtained by imposin
another criterion, say a minimum energy condition. We sh
not consider this subject here.

Similarly, the f s-only realization involves thef s sources
of ~4.6! plus an additional termf s

s that generates theps field
outsideS. f s

s is found via the integral equation onS

E
S
dS8

1

4pR
~c21@ ḟ s

s#1R21@ f s
s#!n̊8•R̊5ps~r ,t !, r ,r 8PS,

~4.9!

whereps is given in ~4.7! in terms of the known fieldp on
the outer side ofS. As discussed after~4.8!, the solution of
~4.9! is not unique: its null space is described by the inter
resonance frequencies associated the ‘‘hard’’ boundary c
dition ]npinuS50.
1887Heyman et al.: Physical source realization of pulsed beams



FIG. 4. Waveforms of the surface
sources in ~5.1! on S5Esr

with sr

50.1b. The waveforms are depicted
in the (ct,si) plane withsi , the coor-
dinate alongEsr

varies from2b on the
positive z axis to b on the negative
axis.~a! and~b!: s1s

; ~c! and~d!: s2s
;

~e! and~f!: f s . The pulsec
1

is the dif-
ferentiated analyticd used in Fig. 2
with high-collimation parametercT/b
51023.
th

ase
V. SOURCE DISTRIBUTIONS FOR THE CSPB

It is convenient to consider a source realization on
ellipsoid Esr

of ~2.9! for a givensr.0. Substituting~2.12!
and ~3.1! into ~4.6!, we obtain

ss5u¹sr uRe$c
1

~t!/cs1c
1

~21!~t !/s2%, ~5.1a!

f s5Re$c
1

~t!/s%, ~5.1b!

wheres, t, and u¹sr u are given in~2.5b!, ~2.12!, and ~B2!,
respectively. These expressions are functions ofsi , which
serves as a coordinate alongEsr

.

1888 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000
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Explicit expressions are obtained for the special c
when Esr

shrinks to the source diskE0 of ~2.7!. Denoting
values on the front and back faces ofE0 by the superscript6,
respectively, we find that

s657 ih, g65 i ~b7h!/c, where h5Ab22r2.
~5.2!

Substituting~2.12! and ~3.1! into ~4.6!, we obtain

ss
65

b
h Re$6 ic

1

@ t2 i ~b7h!#/hc2c
1

~21!@ t2 i ~b7h!#/h2%,

~5.3a!
1888Heyman et al.: Physical source realization of pulsed beams



FIG. 5. Same as Fig. 4, but for noncollimated source withcT/b51.
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PB
f zs

656puE
0
65Re$ ic

1

@ t2 i ~b7h!#/h%, ~5.3b!

where the upper and lower signs correspond to source
the front and back face ofE0 , respectively, whilef zs

6 in the

last expression denotes thez component of thefs source on
the front and back faces ofE0 . Note also the algebraic sin
gularity of the sources atr5b on the circleB.

Special attention should be given to the collimated c
~2.26! which is the most important one for practical applic
tions. We note that in this case the relevant part of the sou
is concentrated within theeffective aperture W0 ~2.25! on the
front face ofE0 , which is much narrower than the entire dis
E0 @see~2.27!#. Furthermore, under the collimation conditio
the contribution of the second term inss is negligible@see
the discussion in~3.4!#. Finally, from ~5.2! it follows that for
r!b,g i

1'r2/2cb, while g i
2'2ib/c, hence in ~5.3! ss

1

@ss
2 and f zs

1@ f zs

2 . Thus, Eq.~5.3! reduces to the simplified

explicit expression for effective sources

css5 f zs
5b21 Re$ ic

1

~ t2 ir2/2cb!%, r;O~W0!. ~5.4!
1889 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000
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These simplified sources generate a strong PB field along
positivez axis that behaves paraxially like the PB in~2.17!
@or ~2.20!#. In all other directions, the resulting field is wea
but due to the approximation in~5.4! it does not have the
exact known form of~2.12!.

Alternatively, one may useonly thess or the f s sources
in ~5.4!. This generates collimated PB along both the posit
and the negativez directions: From~4.4!, the ss source ra-
diates symmetrically in both directions while thef s source
radiates antisymmetrically. Taken together, the contributi
of ss and of f s enhance each other in the positive directi
and cancel each other in the negative direction, thereby r
ating a strong PB field only along the positivez axis and a
weak field elsewhere.

Figures 4 and 5 depict the surface sources of the CS
realized on an ellipsoidal wavefrontS5Esr

as in~5.1!. Here,

sr is taken to be 0.1b so thatEsr
is close to the branch diskE0

~see Fig. 1!. The waveforms are depicted in the (ct,si) plane
with si being a coordinate alongEsr

(si varies from2b on

the positivez axis to b on the negative axis!. The first and
1889Heyman et al.: Physical source realization of pulsed beams
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second terms in~5.1a! are termeds1s
ands2s

, respectively.

The pulsec
1

is the differentiated analyticd used in Figs. 2
and 3. In Fig. 4 we use a short pulse withcT/b51023 which
yields a collimated PB, while in Fig. 5cT/b51, yielding a
noncollimated field. Note that theeffective width of the
source distribution in Fig. 4 agrees with the estimates forW0

in ~2.25!; hence, the sources there can be truncated and
scribed by the simpler expressions in~5.4!. In Fig. 5, on the
other hand, the source distribution is much wider. In t
case one also observes the relatively strong sources at p
nearB(si.0), which are insignificantly small under the co
limation condition in Fig. 4. These sources become stron
for smallersr , and become singular whenS shrinks to the
branch diskE0 , yet their contribution is insignificant in the
collimation condition.

VI. SUMMARY AND CONCLUSIONS

Our aim in the present paper has been to explore
physical source realization of the CSPB. This has been d
within the framework of the acoustic field, by deriving e
pressions for the acoustic source distributions and by exp
ing the power and energy flux near these sources. The
face sources have been derived via the field equivale
theorems in Sec. IV. The exact source solutions derived
~5.1! @or ~5.3!# generate theglobally exactCSPB. Yet, from
a practical point of view special emphasis has been give
the parameter rangecT!b @see~2.26!#; T is the pulse length
and b is the collimation distance! where the CSPB is wel
collimated: in this special case the CSPB can be reali
effectively by the simple truncated source distribution
~5.4! whose spatial supportW0 of ~2.25! is much smaller
than the source support of the exact CSPB.

In order to further clarify the properties of source re
ization, we have also explored the power flux near
sources. It has been shown@see~3.16!# that at high frequen-
cies such thatkb@1 ~k is the wave number! the energy is
emitted by a narrow aperture on the front face of the sou
disk E0 . At low frequencies, on the other hand, the energy
emitted by the back face ofE0 : part of it flows aroundE0 and
is absorbed by the front face, while the rest radiates outw
throughEsr

. Thus, for practical synthesis the frequency sp
trum of the CSPB should be concentrated in the hi
frequency regime, which supports the conclusions of the p
ceding paragraph.
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APPENDIX A: ANALYTIC SIGNALS

In order to deal with the complex propagation dela
implied by the complex sources, one needs to use ana
signals that can accommodate complex time variables. F
1890 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000
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given real signalc(t), tPR, with frequency spectrum

ĉ(v), the dual analytic signalc
1

(t) is defined via the one-
sided inverse Fourier transform

c
1

~t!5
1
p E

0

`

dv e2 ivtĉ~v!, Im t<0. ~A1!

It follows that c
1

(t) is an analytic function in the lower hal
of the complext plane. This function may also be define
directly from thereal datac(t) for real t via

c~t!5
1

p i E2`

`

dt
c~ t !

t2t
, Im t<0. ~A2!

From ~A2!, the limit of c on the realt axis is related to the
real signalc~t! via

c
1

~ t !5c~ t !1 i c̄~ t !, t real, ~A3!

where

c̄~ t !5
21

p E
2`

`

dt8 P c~ t8!

t2t8

is the Hilbert transform, withP denoting Cauchy’s principa
value. The real signal for realt can therefore be recovere

via c(t)5Rec
1

(t).

Thus, if p
1

(r ,t) is an analytic solution of the time

dependent wave equation, then bothpr5Rep
1

andpi5Im p
1

are real solutions of the wave equation. Henceforth, we s
only considerpr sincepi or any other linear combination o

pr and pi can be obtained by multiplyingp
1

by a complex
constant and then taking the real part.

APPENDIX B: ADDITIONAL PROPERTIES OF THE OS
SYSTEM

From ~2.8!, one may readily infer the following rela
tions:

sr
22si

25r 22b2, srsi52zb, ~B1!

¹sr5~rsr2bsi !/usu2, u¹sr u5Ab21sr
2/usu, ~B2!

¹si52~rsi1bsr !/usu2, u¹si u5Ab22si
2usu, ~B3!

¹sr•¹si50, ~B4!

and the metric coefficients40 along the (sr ,si ,f) coordinates
are

hsr
5usu/Ab21sr

2, hsi
5usu/Ab22si

2,

~B5!
hf5b2Ab21sr

2Ab22si
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