Physical source realization of complex source pulsed beams
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Complex source pulsed beait@SPB are exact wave-packet solutions of the time-dependent wave
equation that are modeled mathematically in terms of radiation from a pulsed point source located
at a complex space—time coordinate. In the present paper, the physical source realization of the
CSPB is explored. This is done in the framework of the acoustic field, as a concrete physical
example, but a similar analysis can be applied for electromagnetic CSPB. The physical realization
of the CSPB is addressed by deriving exact expressions for the acoustic source distribution in the
real coordinate space that generates the CSPB, and by exploring the power and energy flux near
these sources. The exact source distribution is of finite support. Special emphasis is placed on
deriving simplified source functions and parametrization for the special case where the CSPB are
well collimated. © 2000 Acoustical Society of Amerid&0001-4966)0)00804-3

PACS numbers: 43.20.Px, 43.20.Bi, 41.20.Jb, 03-:3JANN]

INTRODUCTION accounted for Several expansion schemes which apply
to different source configurations have been derived in
Complex source pulsed beant€SPB [also termed Refs. 23-28.

pulsed beamsPB) or isodiffracting PB are exact wave- (4) Finally, in view of these properties the CSPB are well-

packet solutions of the time-dependent wave equation that g ited to wave-based data processing and local inverse
can be modeled mathematically in terms of radiation from a scattering®=°

pulsed point source located at a complex space-time
coordinatel.‘3 Their properties, namely their direction, colli- The space-time localizationdescribed above provides a
mation, and space—time width, are determined by the comsystematic wave-based approach for dealing with global
plex source coordinates. Physically, however, these solutiongomplexity. Concentrating on localized solutions permits the
are generated by physical source distributiederived in  yse of specific well-defined “simpler” problems from which
this papey; hence, the complex source model may be congohal solutions are assembled. The CSPBs not only provide
sidered as a mathematical trick to obtain compact field solusjmple local wave solutions, but may also be directed in
tions due to these source distributions. This complex sourcgpace—time to interrogate a particular subenvironment or
approach has been originally introduced in the context ofyaye phenomenon in the global conglomerate.
time-harmonic field4-" Another approach to derive the Other classes of wave-packet solutioinsfree space
CSPB has been derived independently in Ref. 8. have been introduced in various disciplines. The basic ones
The CSPB have many properties that make them favory e golutions based on Brittingham's “focus wave
able wave objects within a general wave-based approach fQfqqeg 31-34 “nondiffracting beams” or “X-waves’ 336
forward and inverse problems: and “bullet’-type solutions’”3® These solutions have not

(1) They are convenient wavelets for high-resolution prob-yet been utilized in a full “wave-based architecture” as de-
ing of the propagation environment, and may be used t&cribed above.
selectively excite local scattering and diffraction phe-  As has been pointed out previously, the CSPB can be
nomena(see items 2 and 4 belgw generated by a finite distribution @hysical source$ Our

(2) They provide benchmark solutions for scattering of col-aim in the present paper is to explore this physical source
limated wave packets by canonical configuratidr, —realization. This is done here within the framework of the
for propagation in inhomogeneous metfid?in disper-  acoustic field which provides a concrete physical example,
sive media*~*®and in random medi&,;*®or can used to but a similar analysis can be applied for electromagnetic
model practical systems involving collimated short-pulseCSPB. The physical realization of the CSPB is addressed by
fields19-22 deriving expressions for the acoustic source distributions and

(3) They furnish a complete basis for local observable-basetly exploring the power and energy flux around these
spectral synthesis of general transient fields, providing sources. The finite support source functions obtained give
priori localization(since only those PB propagators that rise to theglobally exactCSPB. Yet, from a practical point
pass near the space—time observation point need to lsf view, as discussed in the preceding paragraph, special

emphasis is given to the parameter range where the CSPB

3Electronic mail: heyman@eng.tau.ac.il are well collimated so that they maintain their localized

PElectronic mail: kaiser@wavelets.com wave-packet structure while propagating in the ambient en-
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vironment. In this special case the CSPB can be realized r’=r,+ib, |b|=b, (2.39

effectively by a truncated source distribution whose spatial

support is much smaller than that of the exact CSPB. The t'=t;+it/, t/=blc, (2.3b

gglrlrl]?lzt{taﬁepei;gldcssg%nigf?hgybgemtr;;gafﬂ ggsig?éirgivﬁherero is areal coordinate point that defines the center of

it in far off-axis region, where they are both negligible any- € bgam waistp IS a real vector t.hat. dgfmes the beam
direction, andb>0 is a constant which is interpreted as the

way. . . . .
The presentation starts with a brief summary of the rel_colllmatlon distance of the beafsee the discussion after

evant acoustic field equatioriSec. ) and of the basic prop- 8.1%)].&nﬁgﬁngggno;m;r:r;r(;}?@ szgl Sﬁaixgggﬁiagt:r:ce_
erties of the CSPBSec. I). The physical realization is then =7 7" 9 Y,

explored in Sec. Il from the point of view of the power and forth that

energy flow. The expressions for the source distributions are  r,=0 and b=zb, i.e., r’'=(0,0jb), (2.43
then derived in Secs. IV and V, starting with the formulation

of general schemes for constructing source realizations and t'=ib/c. (2.4b
then applying them to calculate the CSPB sources. The pre-

sentation ends with a summary and conclusions. B. Properties of the complex distance  s(r)

In order to extend2.2) to the complex source case, we
must first extend the definition of the distanReof the ob-
The linear acoustic equations for the pressure fieldserver from the source. We define this distance as
p(r,t) and velocity fieldv(r,t) at the space—time point

I. ACOUSTIC FIELDS AND SOURCES

=(x,y,2) e R® and timete R are s(N=V(x=x")*+(y—-y")*+(z=2), (2.53

1 =p®+(z—ib)? (2.5b
—2—(9tp+V~V=0', (116)

ce =s,+is;, (2.50
edv+Vp=f, (1.1b

where (2.59 is the general definition whilé2.5b corre-
wherea(r,t) andf(r,t) represent the scalar particle injection sponds to the special choice of the complex source coordi-
source distribution and the force distribution, respectively.nates in(2.4a, with p=X?+y?. The branch of the complex
Here,c=1/\/kp is the wave speed in the medium, wikh  root in (2.5) is chosen with

and g being the compressibility and density, respectively. In

this paper we consider radiation in a uniform medium and, Res>0. 2.6

without loss of generality, we assume tigat 1. Henceforth,  This choice implies thas—r asb/r—0 [see(2.21)]. Other
we use boldface type to denote vector constituents and aproperties ofs will be discussed next, where without loss of

over a vector to denote a unit vector. generality we consider the choice af (t') in (2.4).
Assuming sources bounded in a voluWef finite sup- The set of branch points &fin R® is the circleB3 in the
port, the integral solution ofl.1) is z=0 plane, defined by/x?+y2=b. In order fors(r) to be a
single-valued function of, we choose a branch cut iR®.

1. . 1
[o]+ E[f]-R+ ﬁ[f]' , (1.2 The choice implied by2.6) is a flat disk(Fig. 1)
Eo=1{r:x?+y?<b?,z=0}, (2.7)

_de/l
P= )., T azR

where R=r—r’'=RR and [F] denotes the retarded value

F(r',t")|¢ =t—rs for any functionF(r’,t"). Here and hence- although any continuous deformation &, leaving its
forth, overdots and overcircles denote time derivatives andhoundary3 invariant will do the same.

unite vectors, respectively. The solution foiis readily in- The real and imaginary parts ef=s, +is; have distinct
ferred fromp. physical roles. They can also be used as the natural coordi-

nate system for the CSPB. For a given poiatR?3, one finds

(p.2)=b ' (Vb*+si\Vb?—s, —s5)),

where s,>0,—b<s;<b. (2.9

Il. COMPLEX SOURCE PULSED BEAMS (CSPB)
A. The complex source coordinates

Let the source in1.1) be
_ - o o Equation (2.8) defines an oblate spheroidéDS) system
=0, o=4md(r=r)y-t), @ (s;,Si,¢) with ¢=tan '(y/x) (see Fig. 1: The surfaces,
wherer’ € R® andt’ e R define the space—time source coor- =const are spheroids,
dinates and/ is a given time signal. Frortl.2), the solution '
is x24y? 22
E' 53—+t —==1 s>0. (2.9
p(r,t)=y(t—t'—RIc)/R. 2.2 Tbts s
The CSPB is modeled analytically by extending the sourcdn the limit s,—0, & shrinks to&,, whereas fors;>b it
coordinatesi(’,t") in (2.1) into the complex domain. These tends to a sphere with radis=r. Similarly, s;=const.
coordinates may be expressed in general as define a family of one-sided hyperboloidt;
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2 ' T os\ 025 REVS ' Since —b=<s;<b [see(2.10] it follows that Im7<0 for all
+
1.5} 0.73 6.75 . real (r,t) as required by the analyticity af. Recalling fur-
ther thats(r) is continuous everywhere iR® except across
M 095 $ 0951  thedisk& [+see the discussion in connection with7)], it
0.5- \ . follows thatp is an exact homogeneous solution of the time-
; ‘; ; s =1 dependent wave equation everywhere excepffomwhich is
e 0 - : henceforth referred to as the “source disk” since it repre-
g : sents the location of theeal sources that give rise to the
05 0 1  solution in(2.12 (see Sec. Y.
» s o1 1 . The solution in(2.12) has the general properties of a PB
o (a collimated space—time wave-padkitat emerges fromy
sk (here, the origihand propagates along the beam dxikere,
the positivez-axis). Confinement along the beam axis is af-
+
2 45 1 o5 05 1 15 2 fected by the pulse shape gfwhile transverse confinement

N @

is due to the general property of analytic signals which decay
FIG. 1. The oblate spheroidéDS) coordinate system. The shaded areas arelr| the lower half of the (_20mp|e)¢ plane as the _|mag|nary
the regionsD;,(w) defined in(3.16 where the energy flows inward with part of 7 becomes negative. Thus, the beamwidth depends

respect to the OS system. The light- and dark-shaded areas correspondd?]. (a) the rate of decay O{E in the lower half of the com-
frequenciekb=0.7 andkb=1.1, respectively. ) .
plex 7 plane(that typically depends on the pulse lengtand
(b) on the rate of increase of Imin (2.13 away from thez

x2+y? 72 axis[following the discussion ii2.10), Im 7 vanisheson the
o —=—=——=1, —bss=<b. (2.10 e ; ; ;
" h2—g2 g2 positive z axis and increases away from|.ifThe weakest
' ! signal is obtained along the negatizeaxis where Imr
These hyperboloids intersect tke=0 plane at§,, and are =—2p/c.
discontinuous there with Thus, the ellipsoidg’, of (2.9) are thewavefrontsasso-
Sil,—+0=F V02— p2. (2.17  ciated with the time-delay, =s, /c, while the hyperboloids

] ] Hs of (2.10 are equi-amplitudesurfaces.
For —b=<s;<0, Hs, covers the domaiiz>0: It shrinks to '

the positivez axis for s;=—b and ass;—0, it tends to the
complement off, in the planez=0. For O<s;<b, it like- 1. Parametrization of the real signal

wise covers the domaip<0. To further understand the properties of teal PB field,

Other properties of the OS system are mentioned ifyq introduce the real signat., (1) and its Hilbert transform
(2.16), (2.21), and in Appendix B. — ) i
i, (1) via [see(A3)]

C. The CSPB solution + . —

. o _ Ppt=iy)=¢, (O +ig, (1), teR. (2.19
The field due to the complex source(.3) is obtained ]

as an analytic extension of the real source solutior2ig). ~ One finds that

In order to deal with the complex propagation delays from

+ J—
— — 2
the complex source coordinate to the real space—time obser- P=ReP=[si, (t=y) +si, (t—y)l/[s]%,  (2.19
vation point, one should use analytic signals that can accomynere from (2.138 y,=s,/c and y,=(b+s)/c. Thus
modate complex time variablgsee Appendix A Hence- along a given hyperboloi(HSi [see (2.10], the signal is

forth, analytic signals will be denoted by the symbal The . — )
real field is then obtained by taking the real part of the anadradually Hilbert transformed fron,, (t—y;)/s; in the near

lytic field solution[in fact, one may also take the imaginary zone, wheres,—0, to ¢, (t—¥)/s; in the far zone, where
part of the analytic field; see discussion aftas)]. s ~r>b.
The analytic pressure field atraal space—time obser-

vation point ,t), obtained as an analytic extension(2f2), ) L )
2. Paraxial parametrization for collimated PBs

is given by
n + Points near the positive beam axis, where the PB is
p(rity=yd7)/s, 7=t—y(r), (2.12  strong, are of particular importance. Frq@5b and (2.6)
with we have forp<\Z?+b?,
’y:t,+S/C, (213a sz—l—[(z—ib)-l-%pzl(z—ib)], zs0 (216)
_ . N - (note the discontinuity af,). Substituting this inta2.12),
S/etibts)le=y+in, (.13 the field near the positive axis is given by
where (2.13b applies for the choice of’ in (2.4b. The . N
functions v, ;(r) are thereal and imaginary time delays p(r,t)=y(t—z/c—3p?lc(z—ib))/(z—ib). (2.17
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To parametrize this field, we write ¥{ib)=1/R(2) For simplicity, however, we discuss here the PB proper-
+i/1(z), where ties for the casen=0 and a=0. The real waveforms in

R(2)=2+b%z, 1(2)=b(1+(zIb)?), (2.1 (214 aregiven by

.. i T4
thereby obtaining fron{2.13 %i(t): Red(t—i(IT+y)) =t . 2 : Yi .
yvi=2lc+p?I2cR(z), y;=p?I2cl(z). (2.19 t°+(2T+ )

Thus,R(2) is identified as the radius of curvature of the PB— =+ . B 1 t

wavefront, whilel (z) controls the paraxial decay away from ¥»(D)=Im 8(t=i(GT+y))=—= (T2

the axis. Forz<b,1(z) is to leading order independent bf 21 (2.24b
and the PB propagates essentially without decay or spread- '
ing, while for z=b,y,~ (b/2c)(p/z)?, and the wave packet For a giveny;, the half-amplitude pulse width it2.243 is

(2.243

diverges along the conggz=const.[see(2.25]. (T+2y) and the peak amplitud¢at t=0) is = (3T
Thereal PB field along thez axis is given now by +1v;) 1. Thus, the waveform is strongest and shortest for

B N ) vi=0 (the beam axjs and decays ay; grows away from
P=[2¢y, (1= y0) = by, (t=y) JI[2°+ D7, (220 he axis. The half-amplitude beamwidth is therefore obtained

where y, ; are now given in2.19. Thus, in the near zone, when yi=%T_. Substi?uting(2.19) for v; in the paraxial zone,
the real signal is dominated bybflﬁyi(t— v,), but asz the beam diameter is found to he

increases, it is gradually Hilbert transformed, and finally for W(z)=Wyy1+(z/b)%, Wy=2cTh. (2.25

>hiti i -1 —v.). . .
=D itis dominated byz l’l/yi(t ) One observes that for<0z<b the beamwidth remains es-

sentially constant, while far>b it opens up along a diffrac-

3. Far-field pattern tion cone whose angl®=W(z)/z is parametrized by®
. - . =24cT/b. Collimated PB with® <1 are obtained when
Another important limit occurs in the far zone forb
where from(2.5b cT/b<1. (2.26
s=r—ib cosf, cosf=z/r. (2.2) Note also that, under thisllimation condition the effective

width of the source distribution, which is roughly given by

W, [see(2.25], is much narrower than the “exact” source

- 10 : disk & whose radius i$. One obtains the following rule of
r=r Yyt—ric—ivy(0), v(0)=(1—cos)blc. 0 _

p(r:t W (). 7= ) (2.22 thumb for the relation between the pulse lengttihe beam-

width at the waisW,, the diffraction angle®, and the col-

limation distanceb

Substituting this intd2.12, we obtain

The function Rej+(t—v(6)) is thetime-dependent radiation
pattern It is strongest fod=0 and decays to a minimum at

6= [see the diffraction angl® in (2.27)]. (Wp/b)?=02=4cT/b<1. (2.27)
Thus, the field properties are controlled by the PB parameter
4. Example: Analytic & PB cT/b. Similar properties are obtained for other pulse types,

. . such as nonmodulated or modulated Gaussian pulses or
The PB solutions may accommodate any analytic pulse,,qulateds pulses.

shape. It is useful at this stage to cor_lsider an example of a Figure 2 depicts cross sectional snapshots in the)(
partlcqlar pulse shape, namely thetimes differentiated plane of the axially symmetrip field of (2.12). The pulse
analytic pulse ) ) . ) +

. . (=) used |+s a differentiated analytic delta pulse(t)

Y1) =M (t—i %T):ﬁ, T>0. (223 =-€*s0(t—iiT) of type (2.23 and a PB parameter

mi(t—izT)" cT/b=103 that yields a collimated PBsee(2.26)]. (Recall

It is sometimes convenient to multiply the pulse$2r23 by that it is advanta+geous to deemphasize the low frequencies
e'® with 0O<a< in order to change the balance betweenfyrther by usings® and a smaller paramet&T/b.) As
the signal and its Hilbert transform when one considers thenentioned in(2.23, the terme'“ is used to change the bal-
real part of the field. ance between the signal and its Hilbert transform. Here,

The parameterT in (2.23 is a measure of the has been chosen to be/3, which provides the “nicest”
pulse length. The spectrum of these pulses yi6w) result (this value also provides the clearest results of the
=(—iw)"e T2 for »>0. The derivatives suppress the low power flux analysis in Fig.)3
frequencies and thus create a more localizgdster- The field in Fig. 2 is plotted at timest/b=0.2, 1, and 2,
decaying PB in both the axial and transversal directions. Inwhere the PB is localized, respectively, in the near znne
many applications, using=2 is required because of the =0.2b, at the collimation distance=b, and in the “far”
higher collimation properties of the resulting PB° Fur-  zone z=2b. Note the Hilbert transform exhibited by the
thermore, as will be discussed in Sec. Ifee(3.16], PB  waveforms in the transition from the near to the far zones
with frequency components below<c/b are difficult to [recall (2.15 and (2.20]. To demonstrate the effect of the
excite. collimation parametecT/b, we also show in Fig. @) the
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(a) ct/b=0.2,cT/b=10"3

(c) ct/b=2, cT/b=10"3

(b) ct/b=1, cT/b=10"3

@) ct/b=1, cT/b=10""

+ o+

FIG. 2. Snapshots of thefield of (2.12 for a pulsey(t) = —e'* sV (t—i %T) with = /3. The plots show cross-sectional cuts of the axially symmetric field
in the (z,p) plane where all axes are normalized with respedt. t8BB parametercT/b=10"2 in subfigurega)—(c) (collimated PB, andcT/b=10"" in (d)
(noncollimated PR Observation times(a) ct/b=0.2 (near zong (b) ct/b=1 (intermediate zone (c) ct/b=2 (far zone; (d) ct/b=1.

CSPB field for the parameterT/b=10"1. In this case the
solution in (2.12 is still exact but the parametrization in
(2.25-(2.27 is not valid(note the different space—time and
field-amplitude scales used in this case

IIl. THE POWER AND ENERGY FLUX
A. The v field

Thev field is needed in the calculation of the power flux
[see(3.7)]. Outside the source domamwjs calculated fronp
of (2.12 viav=—4{"Vp, giving

C(r,t)=Vs{L(T)/cs+ L<—1>(T)/s2}, (3.2

Vs=(r—ib)/s, (3.2

where ¢ U(t)= ' _dt’ ¢(t') and 7 is defined in(2.13.
The real(physica) expression fow is [cf. (2.15]

1884 J. Acoust. Soc. Am., Vol. 107, No. 4, April 2000

v=Vs{p/c+[(r2—b?) g~ —2zby' D]/|s|*}

—Vsi{ple+[2zbyl, P+ (r2=b2) g PYs Y, B3
wherep= (s 4, +s;i,)/c|s|? is the reap field [see(2.15],
the overbars denote Hilbert transforms of the respective
waveforms[see(2.14)], and i, stands fory,, (t—v,), etc.

Note in (3.3 that Vs, representoutward power flow lines
normal to the wavefrontsé’sr, while Vs; representdrans-
verseflow lines along the wavefronts, leading from the posi-
tive z axis to the negative axis. In deriving(3.3) we used
the relations in(B1). Expressions forVs,; are given in
(B2)—(B4).

In order to estimate the role of the various terms3ri)
and(3.3) we assume that is a short pulse with pulse length
T, so that near the positive axis wherey;=0 we have

+ +

V() g(7)~O(T). Recalling from(2.16 that near the
axiss=z—ib, we find that the ratio between the second and
first terms inside the braces (8.1) is

Heyman et al.: Physical source realization of pulsed beams 1884
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z but with cT/b=1.2 (highly noncolli-
mated PB and a¢= /3. (a) and (c):
(a) ct/b=0.6 (b) ct/b=0.6 Distributions of P in the (z,p) plane
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(c)ct/b=12 (d) et/b=12
*o * . One finds that
[ V(I (7)Ics]~O[cT/|z—ib]]. (3.4

In the far zone, the ratio on the right-hand side(8f4) is E(f):VSrHllfyi||2/0|3|2+<l//yi,$y?l)>(5ivsr—SrVSi)/|34|,
much smaller than unity. Under the collimation condition (3.9
cT<b in (2.26), this term is much smaller than unity also in " )

the near zondi.e., along the entire axis). Under these con- Where(f,g)=/"..dtf(t)g(t) for any two real functions
ditions, the terms containing(~ %) in (3.1 may be neglected and g. In deriving (3.9) we used the following relations

for all z>0 so that(3.3) becomes
v=(Vs,)p/c—(Vs))plc,

which apply for any reaf and its Hilbert transfornf:(f,f)
=(f,f)=|f|?, (f,f)=(f,f)=0, and(f,f)=0 (sincef van-
ishes att = + ),

(3.5

wherep is given by(2.20 for points near the axis. Note In the far zone, the second term(®9) vanishes and the
from (2.16 with (2.18 that near thez axis Vs;=z  outward radiative energy is described only by the first term.
+p/R(z)—z and Vs,=pl| (z2)—0, wherep=(x,y). Recall Both terms are large in the near zone, in particular rigar
also thatVs, is orthogonal to the wavefronts whose local where s vanishes, and the field there dominated by strong

radius of curvature iR(z).

reactive fields. The concept tifne-dependent reactive field

In the far zone, we note from(2.21) that Vs  and energyhas been introduced and analyzed in Ref. 39 in

~Vs,—r, hence
v=rplc,

where here is given in(2.22.

B. The power and energy flux

The power flux is defined as
P(r,t)=p(r,t)v(r,t).

the context of electromagnetic fields. Using time-dependent
(3.6 spherical wavémultipole) expansion, it has been shown that
the time-dependent power radiated by an antenna consists of
radiative and reactive pulses. The radiative power [psi-
tive outgoing pulseand is unchanged as it propagates away
from the source(carries the same energyThe reactive
power pulse, on the other hand, is strong in the near zone and
vanishes in the far zone. It carries no net energy: at early
B9 timesit propagates out and builds up a transient energy near

The expression obtained by inserti(®)15 and(3.3) is quite  the source, but after the radiative pulse has passed it dis-
complicated. It is therefore convenient to explore the energyharges the energy back to the source region.

flux

E(r)=fldtP(r,t).

This phenomenology is demonstrated in Fig. 3, which

depicts snapshots d?. In order to be able to discern the

(3.9 off-axis properties of? and the low-frequency phenomena
discussed ir{3.16) below, the PB parameters have been cho-
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N
sen to yield a highly noncollimated field. Specifically(t) E _ J " f ® S E _ 3.13
is the differentiated analytié used in Fig. 2, but with the PB rad 1) R 5(Sr81.0) (3133
parametecT/b=1. Figure 3a) and(c) show the distribution )

of P in the (z,p) plane at timest/b=0.6 and 1, while &)  With

and (d) show plots ofP, along thez axis at the same obser- 2 2., 2 s [k
vation times. Note from Fig. (@) and(c) that the flow lines E (/.S ,0)= — |i|2e2bFs) ; .

. : S bc s2+ 2 s2+s?

in the near zone deviate from the normal to the wavefronts ro roi

&, [see, e.g.(3.9], and in particular the relatively strong (3.13b

“inward” flow near B. As discussed ir3.16 below, this Eg is the spectral density of the “outward(i.e., thes;)
inward flow is strong neaB, but the low-frequency compo- component of.

nents propagate inward also in front of the entire source disk  The s; integral in (3.13 may readily be evaluated by
& (see the shaded zones in Fig. Indeed, in view of the  rewriting (3.13h in the form

+
relatively low-frequency content of the signalchosen, the

1 9 [e—2kb+s)
inward flow of reactive energy is readily observed as theg, (s, ,s;,»)= —b|¢|2(b2+ S —|—>—|, (314
negative part ofP, behind the leading part of the signal in ' @ ISi| St

Fig. 3(d). which provides a closed-form result for the outward flow

between any two hyperboIaHSi. Integrating over the full

domain(i.e., froms;=—b to b), we end up with
C. Frequency-domain analysis of the energy flow

s . 1— e—4kb
We shall explore the constituents discussed above in the Eag= JO do ¢|ZT, (3.19
frequency domair{FD). The FD expressions corresponding
to the field solutions ir2.12 and(3.1) are i.e., E.¢>0 and is independent &f as expected. Note that

R A L1 ikstiot A 1 ie(ytiv) under the collimation condition if2.26), most of the signal
p(r,w)=i(w)s e =(w)s e, (3.108  gnergy is concentrated in the high-frequency rakge- 1

. Z1a where the exponent if8.15 is negligible.
~(i0s) (1, @), (3.108 While ther'zotal eng:gysérad rov?/sgoutward, thdocal en-
wherek= w/c and the carets denote field constituents with aergy flux Es may, in some regions, flow inward. From
suppressed time dependerecé”" with >0 (for <0, one  (3.13b the regionD;,(w) of inward energy flow is described
should take the complex conjugate of these expressionshy
Here (w) is the (rather arbitrary spectrum of the pulse

U(r,w)=Vs[c™?

#(t). In the high-frequency regime such thai>1, the so- o silk
lution in (3.10 has the characteristics of a time-harmonic Din(®): 52+s?<_1' (3.19
Gaussian bearfsee, e.g., Refs. 4—-7 and But we shall not o
dwell here on this interpretation. In general,D;,(w) is located in front of, (wheres;<0). A
Using (3.10 in conjunction with(3.7) and(3.8), we ob-  detailed analysis 0f3.16 reveals that for frequencies such
tain that kb>1, D;,(w) has the shape of a ring in front ¢f
L whose boundary o, is given by —k 1<s;<0 (see the
_* “ A - dark-shaded region in Fig.).lIn particular, in the high-
E(r) WRejo do p(r,@)7(r,0) collimation range wherdb>1, this ring becomes concen-

trated near3. For low frequencies such thab<1, on the
_ iRejwdw|1}|2|s|*2e*2“’7i(c*1+(i ws*) " HVs* other handD;,(w) covers the entire front face &f (see the
™ 0 ’ light-shaded region in Fig.)1 Recall though that at any
(3.1 given frequency, théotal energy flows outward througfgr,

as implied by(3.15. It follows that at low frequencies, the

where the asterisks denote a complex conjugate. energy is emitted by the back face &: part of it flows
Next, we consider the total energy radiated out of thearound&, and is absorbed by the front face, while the other
spheroidal wavefron£s , radiates outward througf .
The analysis above implies that for practical synthesis of
EradSt) = 3€ E-dS, (3.12  the CSPB, the frequency spectrum fshould be concen-
&, trated at frequencies such thdb>1. Recalling that the ef-

. L fective width of the aperture in this range \i,(w) = \b/k
wheredS is an area element Osz}’r' Substituting(3.11, V\_/e [cf. (2.295 and Ref. 2, it follows that for kb>2,W, is nar-
note that oncs we haveVs.dS=|Vs[dS, where|Vs| is  qyer than the inner radius db,(w) which is given bys,
given in(B2) anddS=hsh, ds d¢, where the metric coef- = —k~! [see(3.16]. Under these conditions the aperture
ficients are given in(B5). The ¢-integration yields Z. Re-  can be truncated about the effective apertitg of (2.25),
calling thats; changes from-b on the positivez axis tobon  giving essentially the same field as theactCSPB which is
the negative axis, we end up with generated by the entire source digk
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IV. SURFACE SOURCES AND EQUIVALENT B. Integral equations for alternative source
SOURCES realizations

We start by recalling the field discontinuity conditons ~ Equation(4.4) synthesizes the field outsidedue to the
implied by (1.1). Let S be a given surface carrying surface Sources insides in terms of bothos and fs sources. Alter-

sources §,f), i.e., native formulations are obtained if one chooses different val-
ues for ", v""). We shall look, in particular, for realizations
o=04(rs,t)o(n), fzﬁfs(r,t)ﬁ(n), (4.1 such that eithef ¢ or o in (4.3) vanishes identically oib.

A These sources are determined via an integral equation as de-
whererge S, n is the normal taS atrg, pointing from side  scribed below.

1 to side 2 ofS, andn is the coordinate along. The field We start by expressing the field.4) for the special case

discontinuities implied by these sources are found frari) of the sources in4.6) as a sum of two termgp=p’+p'

to be denoting, respectively, the fields due to fheando g sources
o o in (4.6). Substituting(4.6) in (4.4), these fields may be ex-
R (Va—Vi)=05,  Pp—pi=h-f=fs, (4.2 . d

pressed in terms of the known figfdoutsideS

where ;,p;) are the limiting value of {,p) at sidei of S. 1 .
Next, let S be a closed surface that encloses all the pf=fdS’m(C_l[p]vLR_l[P])ﬁ"R,
sources to the field. We would like to synthesize the field s
outside S due to the sources insid§ in terms of surface 1 (4.7)
sources on it. As will be shown, there exist various realiza-  po= f dS'——1[d,p].
tions of these sources; of particular interest are those involv- s 4mR
ing only o or f sources. These alternative realizations are S )
obtained by choosing insidé an arbitrary solutionof the 1 h€ds-only realization involves thes sources in(4.6) plus
homogeneous field equation, denoted @¥,¢"). Using @n additional term denoted aéthat gives rise to th&nown

(4.2), the surface sources are now given by field p' outsides. 0'; is therefore calculated via the integral
equation onS
Us:ﬁ’(v_vm)|81 fs:(p_pm)l& 4.3
/ G b ’
wheren is an outward normal t&. Substituting(4.3) into JSdS 47TR[US] pr(ry, rries, 4.8

(1.2), we obtain
1 wherep' is given in(4.7) in terms of the known fielgb on
_ / . —1r; -1 o) B the outer side o8. Note that the kernel on the left-hand side
P Jsdsm[[%]ﬂ(: [fJ+ROTED™R). of (4.8) is singular atr’=r, but this singularity can be ex-
(4.9 tracted explicitly using principal value integration.

The solution 0f(4.8) is not unique. Recalling fron¥.3)
that the internal field g"",v"") in the oc-only realization sat-
isfies p™| s=p|s wherep is the known pressure field outside
A. Kirchhoff realization S, it follows that the null space 0f4.8) is described by

. . L internal field solutions that satisfy"|<=0. Such solutions
As mentioned before, different source realizations are "l

. . . ~are possible at discrete frequencigs, n=1,2,..., which are
generated by choosing different homogeneous solutlontsne internal resonance frequenciesf S for the “soft”
(p"™,v"") in (4.3). One such choice,

boundary conditiop™|s=0. The solution 0f4.8) can there-
p"=0, V=0 4.5) fore be; augmented by a discrete set of eigensolutions of the
' ' form og(r,t)==,Rea, osn(r)e*"”nt, which do not affect the
gives rise to what will be identified below as the Kirchhoff field outsideS. A unique solution is obtained by imposing
realization. Using4.5) and(4.3), the Kirchhoff sources are another criterion, say a minimum energy condition. We shall
not consider this subject here.
gs=N-V|s=—dnd; pls, fs=pls, (4.6) Similarly, thef-only realization involves thé sources
of (4.6) plus an additional termi that generates thg” field

where in the second expression fot we used(1.1b to  ouytsides. 7 is found via the integral equation af
replace the limiting value o¥ outsideS by the value ofp

there. When the sources (#.6) are substituted int¢4.4), we o1 e T )

obtain the true field outsidé and a null contribution inside Lds 2R (€ I+ RIS -R=p%(r,t), rr'es,

S | _ o 4.9
Using (4.6) in (4.4), one obtains the conventional Kirch-

hoff integral representation for the radiating field in terms ofwherep? is given in(4.7) in terms of the known fielgb on

the values ofp and d,,p on S, which is usually obtained by the outer side ofS. As discussed aftei4.8), the solution of

using the scalar wave equation fprin conjunction with (4.9 is not unique: its null space is described by the internal

Green's theorerf? Thus, Eq.(4.6) provides the surface resonance frequencies associated the “hard” boundary con-

source realization of this formula. dition d,p™s=0.

This integral synthesizes the true field,¢) at points outside
S and the arbitrarily chosen fielg(",v'"") at points insideS.
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-5
0.105

FIG. 4. Waveforms of the surface
sources in(5.1) on S=€5r with s,
=0.1b. The waveforms are depicted
in the (ct,s;) plane withs;, the coor-
dinate alongfSr varies from—b on the
positive z axis to b on the negative
axis. (a) and(b): o1 (c) and(d): o2

'HHJ;

N
(e) and(f): f5. The pulsey is the dif-
ferentiated analytics used in Fig. 2
with high-collimation parametecT/b
=103

(e) fs (f) Expanded view of (e)

V. SOURCE DISTRIBUTIONS FOR THE CSPB Explicit expressions are obtained for the special case

) ) ) o when & shrinks to the source disk, of (2.7). Denoting
It is convenient to consider a source realization on the "

L . o values on the front and back faces&gfby the superscript:,
ellipsoid (?Sr of (2.9 for a g_lven s,>0. Substituting(2.12 respectively, we find that
and(3.1) into (4.6), we obtain

+ J—

= , *=i(b¥x n)lc, h =b%—p2.
o= Vs Relf(Plcs+ gt H(n)/s2), G1g o v TibTwie wheen= b
fo= Re{;( 7)Is}, (5.1b Substituting(2.12 and (3.1 into (4.6), we obtain

wheres, 7, and|Vs,| are given in(2.5b), (2.12, and(B2), . b e IR ,
respectively. These expressions are functions;ofwhich ~ 7s =7 REZiYt—i(bxn)]/nc—y' " [t=i(bx )]/ 77},
serves as a coordinate aloﬁg. (5.39
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(c) fs

FIG. 5. Same as Fig. 4, but for noncollimated source wittib=1.

£ o o These simplified sources generate a strong PB field along the
f== p|5§— Re{iy{t=i(b=n)]/7}, (530 positive z axis that behaves paraxially like the PB ({17
the front and back face oy, respectively, whilef> in the ~ but due to the approximation if6.4) it does not have the

last expression denotes taeomponent of thég source on exact knowq form 0f2.12.

the front and back faces @k Note also the algebraic sin- __Alternatively, one may usenly the s or thefs sources

gularity of the sources gi=b on the circles. in (5.4). This ggnergtes f:olhmated PB along both the positive
Special attention should be given to the collimated cas@nd the negative directions: From(4.4), the o source ra-

(2.26) which is the most important one for practical app|ica_d|ates symmetrically in both directions while tlig source

tions. We note that in this case the relevant part of the sourc@diates antisymmetrically. Taken together, the contributions

is concentrated within theffective aperture \W/(2.25 onthe  of o5 and offs enhance each other in the positive direction

front face of€,, which is much narrower than the entire disk and cancel each other in the negative direction, thereby radi-

&, [see(2.27)]. Furthermore, under the collimation condition ating a strong PB field only along the positizeaxis and a

the contribution of the second term in, is negligible[see ~ weak field elsewhere.

the discussion ii3.4)]. Finally, from (5.2) it follows that for Figures 4 and 5 depict the surface sources of the CSPB

p<<b,y ~p?/2ch, while y; ~2ib/c, hence in(5.3) ¢  realized on an ellipsoidal wavefrost=&; as in(5.1). Here,

>og andf, >f, . Thus, Eq.(5.3) reduces to the simplified s, is taken to be 0 so thats, is close to the branch disk,

explicit expression for effective sources (see Fig. 1 The waveforms are depicted in thet(s;) plane
with s; being a coordinate alon@Sr (s; varies from—b on

.
PR N _
cos=f, =b""Relig(t=ip?/2ch)}, p~O(Wo). (54  he positivez axis tob on the negative axjs The first and
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second terms iif5.19 are termedr; ando, respectively. given real signaly(t), teR, with frequency spectrum

+ +

The pulsey is the differentiated analytié used in Figs. 2 (), the dual analytic signal(7) is defined via the one-
and 3. In Fig. 4 we use a short pulse with/b=10"° which  sided inverse Fourier transform

yields a collimated PB, while in Fig. 6T/b=1, yielding a 1 (=

noncollimated field. Note that theffective width of the ‘MT):EJ doe “"w), Im7r=<0. (A1)
source distribution in Fig. 4 agrees with the estimatedNgr 0

in (2.25; hence, the sources there can be truncated and d?-f I h + . tic f ion in the | half
scribed by the simpler expressions(514). In Fig. 5, on the t follows that ¢(7) is an analytic funciion in the lower ha

other hand, the source distribution is much wider. In this®f (he complexr plane. This function may also be defined

case one also observes the relatively strong sources at ponﬂE{eCtly from thereal datay(t) for realt via
nearB(s;=0), which are insignificantly small under the col- ¢( )

limation condition in Fig. 4. These sources become stronger J’ dt Im
for smallers,, and become singular whe# shrinks to the

branch disk,, yet their contribution is insignificant in the From (A2), the limit of ¢ on the realt axis is related to the

7<0. (A2)

collimation condition. real signaly(7) via
+ —
VI. SUMMARY AND CONCLUSIONS WO=¢O+ig(), 1t real, (A3)
where
Our aim in the present paper has been to explore this
physical source realization of the CSPB. This has been done (t) _j dt’ Plﬂ(t )
within the framework of the acoustic field, by deriving ex- 4

pressions for the acoustic source distributions and by explor- ) . ) L

ing the power and energy flux near these sources. The sule the Hilbert transform, wit? denoting Cauchy’s principal
face sources have been derived via the field equwalenc\é alue. The real signal for redlcan therefore be recovered
theorems in Sec. IV. The exact source solutions derived iwvia (t) = Rezp(t)

(5.1 [or (5.3)] generate thglobally exactCSPB. Yet, from

a practical point of view special emphasis has been given to
the parameter rangeT<b [see(2.26)]; T is the pulse length dependent wave equation, then beth= Rep andp;=Im p

andb is the collimation distandewhere the CSPB is well are real solutions of the wave equation. Henceforth, we shall
collimated: in this special case the CSPB can be realize@nly considem, sincep; or any other Imear combination of
effectively by the simple truncated source distribution inp . andp; can be obtained by multlplym@ by a complex

(5 4) Whose Spatla| SUppOfWO Of (2 23 |S mUCh Sma”er constant and then tak|ng the real part_
than the source support of the exact CSPB.

_ _In order to further clarify the properties of source real- APPENDIX B: ADDITIONAL PROPERTIES OF THE OS
ization, we have also explored the power flux near thegygtem

sources. It has been shoywee(3.16] that at high frequen-

Thus, if p(r t) is an analytic solution of the time-

cies such thakb>1 (k is the wave numbegrthe energy is ~ From (2.8), one may readily infer the following rela-
emitted by a narrow aperture on the front face of the sourc&ons:

disk & . At low frequencies, on the other hand, the energy is 2-s2=r2_p2 ss=—zb B1
emitted by the back face & : part of it flows around, and r B ' (B1)
is absorbed by the front face, while the rest radiates outward Vs =(rs,—bs;)/|s|?, |Vs,|=+b%+ sr2/|s|, (B2)

throughSSr. Thus, for practical synthesis the frequency spec- , —
trum of the CSPB should be concentrated in the high-  VSi= —(rsitbs)/[s| [Vs]=\b*—s; (B3)
freq.uency regime, which supports the conclusions of the pre- Vs, Vs =0, (B4)
ceding paragraph.

and the metric coefficierftSalong the 6, ,s;, ) coordinates
are
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